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Interval graphing 


SHELDON T. RIO and WALTER J. SANDERS, 
Western Washington College of Education, Bellingham, Washington. 
Interval graphing provides fresh opportunities 


INTRODUCTION 


THERE IS NO DOUBT THAT the concept of a 
graph and the processes of graphing com- 
prise one of the more important subjects 
in the school mathematics syllabus. This 
importance stems from the fact that all of 
the properties of a relation—and therefore 
of a function—are incorporated in its 
graph, with the added feature that certain 
information is more easily and quickly ob- 
tainable from the graph than from the ana- 
lytic expression of the relation. 

Too often the unit on graphing involves 
only the study of special techniques for the 
graphing of a few standard forms, such as 
linear functions, circles, and perhaps a few 
quadratic equations, with the result that 
the student frequently cannot graph cases 
that do not fit one of these special forms.! 
Such a student becomes quite adept at 
plotting points when the co-ordinates are 
given but is incapable of determining the 
co-ordinates that satisfy the conditions of 
a nonstandard problem. In fact, the stu- 
dent may not even be aware that he 
should be looking for the “solution set” 
of the problem, that is, the set of co- 
ordinates of the points he is to graph. 

The solution to this problem is not 
merely to devise clever methods to handle 
the standard forms—which the student 
already has the ability to graph—but is 
rather to devise and use more generalized 
exercises that illustrate the basic concepts 

1 It is encouraging to note that in some cases the 


order relations and the absolute value and greatest 
integer functions are studied. (See UICSM Unit 4.) 


at all levels of secondary mathematics, 


of graphing. One set of exercises which in 
an interesting way not only illustrates 
these basic concepts of graphing, but also 
unifies many topics of mathematics, is 
based on “interval graphing.” 


INTERVALS 


A closed interval, [a, b], is the set of all 
real numbers z, such that a<x<b. An 
open interval, Ja, b[, is the set of all real 
numbers z, such that a<2z<b. It is to be 
noted that if 6 is less than a, then [a, }] 
and Ja, b[ contain no points. The one 
dimensional intervals are not too interest- 
ing to graph since in all but the degenerate 
cases their graphs are line segments (with 
or without the endpoints as the interval is 
closed or open, respectively). The special 
case [a, a] graphs as a single point while 
the graph of Ja, a[ is void. 

The notion of an interval can be gen- 
eralized to two dimensions as an ordered 
pair of one-dimensional intervals. Thus 
({a, 6], [c, d]) is the set of all two 
dimensional points (zx, y), such that 
a<x<b and c<y<d. In general, for a<b 
and c<d, (a, b], [c, d]) is a rectangle to- 
gether with its interior. A similar inter- 
pretation can be given for (Ja, b[, Jc, dl), 
etc. All two-dimensional intervals will be 
called rectangles even if they are only seg- 
ments or are void. 

One might suspect that this sort of 
building block would only lead to graphs 
of rectangles, but we shall see that more 
exotic forms, such as the interior of 4 
circle, can be described completely with 
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Figure 1 Figure 2 Figure 3 
fe these two-dimensional intervals. The fol- _In order to determine the complete graph, 
“ lowing examples illustrate how the graphs a first step is to graph a few particular in- 
wi of more complex forms can be obtained. tervals. Some intervals are listed with their 
is ‘ : 
corresponding values of ¢ in Table 1. The 
EXAMPLES 
Example 1. Consider the two-dimensional TABLE 1 
all interval 
An ([0, t},[¢, 5)), : 
ol : - -1 void 
be where ¢ is an arbitrary real number. For 0 ({0, 0], {1, 2) 
t=1, we have the interval ([0, 1], [1, 5]), s ([4, 4], (3, 41) 
b] oa — 1 ({2, 1], (4, 1]) 
the graph of which is shown in Figure 1. i (2, a), (Ea) 
2 For each real number t, where 0<t<5, the 2 ({1, 2}, [0, 0]) 
4 graph is a rectangle. The rectangles for 3 void 
“8 three such values of ¢ are illustrated in 
is Figure 2. If ¢=0, the graph is merely the graphs of these rectangles appear in 
al portion of the y-axis from Oto 5;ift=5, Figure 4. The position of the intervals 
to x=5. For ¢<0 or ¢>5, the interval is graph of the complete set of intervals is 
~ void. The graph for the complete set of the region shown in Figure 5. Plotting 
od intervals intervals corresponding to additional 
us ({0, ¢], [¢, 5]), for each real number ¢, values of ¢ will quickly convince one that 
A is a triangle together with its interior as 
bh illustrated in Figure 3. (The reader may 
“i convince himself that the graph is the sug- i 
‘ gested triangle by [a] trying to find a 
) point within or on the triangle that is not 
4 in some interval and [b] trying to find a 2h 
a point outside the triangle that is within 2 
some interval.) Th NS 
\ 
of Example 2. Graph the complete set of « 
hs intervals ieee 
» 0 1 2 
a ([4¢, t], [1—4t, 2—t)), 
th for each real number t. Figure 4 
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Figure 5 


Figure 5 does indeed picture the graph of 
the set of intervals required in Example 2. 

So far, the examples graphed have been 
bounded regions. The next example shows 
that the graph may extend without limit. 


Example 3. The set of intervals given by 
({¢—1, ¢], [¢8, ¢]), for each real number ¢, 


is graphed in Figure 6. It is noted that for 
values of ¢ greater than —1 and less than 
0, or greater than 1, the intervals are void. 
The right-hand boundary of the curve is 
given parametrically by 


zr=t 
t<-1 or O<t<l. 


By eliminating the parameter ¢, the more 
familiar form 


y=2z', z<-1 or O<2<l 


is obtained. What are the other boundary 
curves? 


Example 4. It was suggested previously 
that the interior of a circle could be gen- 
erated by a set of intervals. To accomplish 
this, we are guided by the equation of the 
boundary of such a graph. For conven- 
ience, consider a circle with center at the 
origin and with radius 1. The equation is 


z?+y?=1. 


Solving for y, 


y=+vV1—z2z*. 








Figure 6 


Parametric equations are then suggested 
to be 


zr=t 
y=V1—-@#@ or —V1-#. 
The problem now is to use these para- 
metric equations to determine expressions 


for the endpoints of the intervals. One sug- 
gestion is the set of intervals 


({0, t], [0, /1—#]), for each real ¢. 


The graph of this set of intervals is only 
one quarter of a circular region (including 
the boundary). The other quarters of the 
circle may be obtained by including both 
positive and negative algebraic signs; the 
boundary may be omitted from the graph 
by using open intervals. The set of 
intervals, 


(|-t, ¢[,] -V1—#, V1—@[), for each real t, 


is the interior of the unit circle. (See 
Figure 7.) (For which values of ¢ are the 
rectangles nonvoid? If ¢ is restricted to 
0<t<1, how much of the figure remains?) 

A natural description of this same graph 
is given in terms of trigonometric functions 
by 


(|—sin ¢, sin ¢[,]—cos t, cos ¢[), 
O0<t<x/2. 
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Figure 7 


Example 4 shows quite naturally that a 
circular region is an infinite union of rec- 
tangles. (There need not be any “‘degener- 
ate” rectangles, since the two degenerate 
cases may be replaced by a square with 
vertices at the four points otherwise ex- 
cluded as shown in Figure 7.? Of course for 
the interior alone, the two degenerate cases 
may simply be omitted.) 

A region such as that graphed in Exam- 
ple 4, in which the boundary is excluded, 
is called an open region. Is it possible to 
generate an open region by a set of closed 
rectangles? (See Figures 116 and 11f.) 

That somewhat complex examples may 
have simple trigonometric descriptions is 
suggested by Example 5, while the types 
of graphs that may be obtained by the use 
of the absolute value function is suggested 
by Example 6. Example 7 illustrates the 
relation between exponential and logarith- 
mic functions. 


Example 5. The set of intervals 
([sin t, cos 2¢], [sin ¢, cos 2t]), 
—71/6<t<1/6 
is graphed in Figure 8. Could ¢ be restricted 


* In Figure 7 the circle is shown dashed to indicate 
that the boundary is not a part of the graph. 








Figure 8 


further and still yield the entire graph? 


Example 6. Figure 9 shows the graph of the 
set of intervals 


({t, | ¢| ], [¢,¢+1]), for each real number t. 


Notice that the “handle” is generated by 
segments, while the triangular region is 
generated by nondegenerate rectangles. 


Example 7. The set of intervals 
([t, 2‘], [¢, 2']), for each real t, 


— 
+, deed 
S 
wet 





Figure 9 








is graphed in Figure 10. What are the 
equations of the boundary curves? 

Additional sets of intervals and their 
graphs appear in Figure 11. 


REMARKS 


As suggested in the introduction, the 
principal consideration in graphing is not 
proficiency in the graphing of a few 
standard forms, but rather the realization 
that the graph is a picture of the solution 
set of an open sentence. The primary prob- 
lem of graphing, then, is to determine the 
solution set to be graphed—at least to de- 
termine enough of the solution set so that 
an intelligent guess can be made regarding 
the rest of the elements. 

As the examples illustrate, interval 
graphing provides fresh opportunities in 
finding solution sets in a vast number of 
differing problems at all levels of second- 
ary mathematics. Many of the important 
ideas of mathematics can be incorporated 
into these problems providing preliminary 
introduction or fundamental review. The 
basic notions of set theory—union, subset, 
intersection, etc.—as well as the set theory 
notation can be introduced and employed 
to great advantage. (Modern set notation 
descriptions are even more concise and 











Figure 10 


precise than the ones used in this paper.) 
The relations between a function and its 
converse has a simple description as a set 
of intervals. (See Figures 7 and 11b.*) The 
subtleties of the limit process can be 
illustrated and exemplified. The relations 
between trigonometric and algebraic func- 
tions can be brought out. (See Figure 4 
and Figure lla, in which trigonometric 
identities occur in a surprising manner.) 

Another important “fringe benefit’’ of 
interval graphing is that the uses of pa- 
rameters occur in a very natural way. The 
student soon discovers that the boundary 
curves of the graph are often described 
parametrically by the description of the 
set of intervals. Further experimentation 
will disclose to the student that para- 
metric representation is not always unique, 
and that elimination of the parameters 
does not always give the curve described 
parametrically. 

Interval graphing provides the student 
with an excellent opportunity to formulate 
and graph original examples. He should 
learn quickly that the equations of the 
boundary curves for the area generated 
can be determined by considering which 
sides (or vertices) of the generating rec- 
tangles determine the boundary, and con- 
versely, he may learn how to formulate a 
set of rectangles to generate an area with 
given boundaries. With a minimum 
amount of graphing experience the 
changes that occur when closed intervals 
are replaced by open intervals, and vice 
versa, will become apparent, and the stu- 
dent also will be able to tell when the gen- 
erating rectangles are all squares (possibly 
with some degenerate cases). He should 
try to determine conditions on the inter- 
vals so that the graph will be restricted to 
preassigned quadrants or regions. 


3 [t] refers to the (unique) greatest integer less than 
or equal to ¢. Thus if ¢ is an integer, then [t]=¢, but 
whenever ¢ is not an integer, t—1<[t]<¢. ““y=[z]” de 
fines a function ealled “‘the greatest integer function.” 
(The greatest integer function is commonly en- 
countered as the “birthday function,” that is, the rela- 
tion between the time since a person’s birth and that 
person’s age.) 
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([0, cos? ¢], [0, sin? ¢)) 
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([sin ¢, cos ¢], [sin ¢, cos t]) 
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Figure 11b* 
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With appropriate aid from his instructor 
the student may attempt to answer more 
difficult questions of a more general na- 
ture, such as (1) For the case in which the 
endpoints are generated by linear func- 
tions of t, how can the boundary curves be 


determined just from the algebraic signs 
of the slopes of the endpoint functions? 
(2) Are there rules for translation, rota- 
tion, stretching, etc., similar to those of 
analytical geometry? (3) How can interval 
graphing be generalized? 





Have you read? 


CoteMaN, A. J., “Reforming the High School 
Mathematics Curriculum,”’ Canadian Math- 
ematical Bulletin, May, 1960, pp. 203-213. 


This you must read, first because it will show 
you are not the only one with troubles, and sec- 
ond to see the things our neighbors to the north 
are thinking about. The problems are that gifted 
students say courses are dull, teachers of begin- 
ning mathematics are mostly English and phys- 
ical education specialists, the number of fully 
qualified mathematics teachers is decreasing, 
the textbooks deal with inconsequential snip- 
pets, the only change in mathematics has been 
to water it down, and when grade 13 examina- 
tions test anything but memory they are called 
unfair. 

What are Canadians doing about these 
problems? They have set up the Ontario Math- 
ematics Commission which proposes a revision 
in grade 13 examination to measure competence 
in use rather than recall. They hope to break 
the barriers between algebra, geometry, and 
trigonometry, and to develop challenging as- 
pects of the subject but keep the present core 
of content. Canadians work on the problems of 
textbook lag, lip service to modern mathematics, 
and the gulf between the mathematics professor 
and the high school teacher. Read this article 
and see how they propose to distribute the con- 
tent, then judge for yourself—Puiiip Prax, 
Indiana University, Bloomington, Indiana. 


Conway, Frepa. “The Teaching of Statistics 
in Schools,’”’ The Mathematical Gazette, May, 
1960, pp. 81-83. 


Perhaps you haven’t decided whether you 
should introduce statistics into your school’s 
mathematics program. Read this article to find 
some reasons for introducing statistics: quanti- 
tative thinking, techniques of analyses, descrip- 
tion of patterns of variation, and meeting the 
needs of science and social science. 

What content will meet this need? The 
author believes that content should include such 
things as averages, frequency distributions, 


sampling procedures, indices, standardized 
numbers, mortality tables, and measures of dis- 
persion. In high school all of this must be done 
with live data in an interesting manner. Under 
these conditions I am certain the author’s point 
is well taken. Read this discussion and see what 
you think.—Puri.rp Prax, Indiana University, 
Bloomington, Indiana. 


Rice, Cuarites D. ‘Cupid with an Adding 
Machine,” This Week Magazine, September 
18, 1960, p. 27. 


Here’s a new one! Just in case you didn’t 
know, it’s math not love that makes the world 
go round. For example, what is the chance of a 
blind date working out 50-50? None at all. It 
takes more than two to make a match. 

Then, after marriage, will the first born be 
boy or girl, are the chances 50-50? What about 
the second child? Have your students read this 
short article to put a spark in their study of sta- 
tistics—Puitip Prax, Indiana University, 
Bloomington, Indiana. 


Zant, JAMES H. ‘The New World of Mathe- 
matics,” Mathematics Magazine, March- 
April 1960, pp. 211-217. 


Mathematics today is moving at a lively 
pace. New applicaitons are found in dealing 
with bacterial growth, radioactive life, and elec- 
tronic calculating machines. These uses demand 
new number systems, more mathematics, 4 
change in language, and continuous develop- 
ment. Two trends seem significant in mathe- 
matics programs, one is acceleration and the 
other is modernization. The first comes about 
by ability grouping, faster rates, and introduc- 
ing algebra in Grade 8. The second trend means 
a more important role for concepts, definitions, 
precision, and continuity. What are the impli- 
cations? A “‘new world” in content and efficiency 
means revisions, selection, direction, and co-op- 
erative effort for all concerned. We should read 
an article like this each week.—Puruip Peak, 
Indiana University, Bloomington, Indiana. 
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The Advanced Placement Program 


in Mathematics 


RICHARD 8S. PIETERS, Phillips Academy, Andover, Massachusetts, 
and ©. P. VANCE, Oberlin College, Oberlin, Ohio. 

It is the great hope of those who have been involved 

in the Advanced Placement Program in Mathematics 

that teachers, no less than students, will find it an inspiration, 

a challenge, and a revitalization of their work. 


IT Is WELL KNOWN THAT there is an in- 
creasing demand from our society for 
scientists and other personnel who are 
competent in mathematics. While this de- 
mand is not being met completely, some- 
thing significant is being done in this 
direction. One of the most significant re- 
sponses to this need is the Advanced 
Placement Program in Mathematics. 

This country has been faced for some 
time with the important responsibility of 
developing more effectively the potentiali- 
ties of students who have capabilities and 
interests in mathematics. More specifically, 
our country’s immediate problem is one of 
spotting these students, showing them 
what mathematics really is, helping them 
to develop interest in mathematics, and 
giving them a program that will be effec- 
tive in producing the competence desired. 

Unfortunately, during the first half of 
the twentieth century, the content and or- 
ganization of high school mathematics for 
college preparatory students in this coun- 
try remained essentially unchanged. It is 
true that certain modifications of teaching 
methods and some minor changes in topi- 
cal emphasis occurred as a result of the 
1923 Committee on Mathematical Re- 
quirements and the 1944 Commission of 
Post-War Plans of the National Council of 
Teachers of Mathematics. But nothing 


really significant was the result. 

However, the pressure had built up, and 
the recent developments and positive ac- 
tions that have taken place in the 1952-60 
period have not come as a surprise, how- 
ever significant, important, and helpful 
they may be. What took place in this 
period was almost inevitable. 

Before we specifically devote our atten- 
tion to the Advanced Placement Program, 
mention should be made of some of these 
other recent developments in mathe- 
matical education. In this way we can see 
more easily the relationship between the 
other new programs and ours and, more 
important, the real value and significance 
of what the Advanced Placement Program 
has accomplished and its importance and 
promise for the future, in the framework 
of all the recent developments in the field. 

The Commission on Mathematics of the 
College Entrance Examination Board 
started its work in 1955, under the leader- 
ship of Albert Tucker, chairman of the 
Department of Mathematics, Princeton 
University, and with the help of a grant 
from the Carnegie Corporation. Signifi- 
cant sponsorship of institutes for teachers 
of mathematics, both at the secondary- 
school and college levels, by the National 
Science Foundation, began in the summer 
of 1955. In 1954, Max Beberman received 
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a large grant from the Carnegie Corpora- 
tion for his work in the Illinois Mathe- 
matics Project. In February, 1958, an in- 
vitational conference on the Identification 
and Education of the Academically Tal- 
ented Student in the American Secondary 
School was held in Washington. The re- 
port of this group, sponsored by the 
Carnegie Corporation, has since been 
made public. In it the subcommittee in the 
field of mathematics made certain sig- 
nificant recommendations. In the summer 
of 1958, the first large session of the 
School Mathematics Study Group, under 
the leadership of Edward Begle of Yale 
University, began its work and writing on 
new curriculum and guides in mathe- 
matics at the level of grades 7 through 12. 
This was also underwritten by the Na- 
tional Science Foundation. 

It should be noted, however, that al- 
ready in 1952 the two studies which led 
most directly to the present Advanced 
Placement Program were getting under 
way. These were the study on “General 
Education in School and College’’ directed 
by Alan Blackmer of Phillips Academy, 
Andover, and the study on “School and 
College Study of Admission with Ad- 
vanced Standing’’ under Gordon Chalmers 
of Kenyon College, both underwritten by 
grants from the Ford Foundation. 

Mr. Blackmer’s study was concerned 
with the great deal of evidence showing 
that many brilliant boys were bored either 
in the first year of college through repeti- 
tion of material which they had already 
adequately covered in school, or were 
bored in the later years of their school 
work by repeating material which they 
had already assimilated but which their 
slower classmates had not mastered at the 
first attempt. 

There also was evidence of fairly strong 
dissatisfaction with the current program 
in schools and colleges and many sugges- 
tions for changes were being made, not 
only changes which should improve the 
articulation between school and college 
programs, but also changes in the particu- 
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stitutions. This was part of the stirring, 
and it soon led to the studies mentioned 
above. 

The basic assumptions under which 
President Chalmers’ group worked were: 


1. The able student is wasting a lot of 
time in school. 

2. The best place for a school boy or girl 
is in school. 

3. The best teachers for boys and girls 
of this age are usually found in 
secondary schools. 


The natural result of these assumptions 
was the feeling that more opportunity 
should be provided for these able students, 
but that it should be provided in the local 
school rather than by sending these young- 
sters to college at an early age. The dif- 
ficulty naturally was that if this were to 
be done, courses would have to be pro- 
vided that the colleges would accept, since 
they must be the equivalent of college 
work. Also some way would have to be 
found to convince the colleges that the 
students had adequately covered the sug- 
gested work. 

In order to do this in the field of mathe- 
matics, a committee of scholars and teach- 
ers, under the leadership of Professor 
H. W. Brinkmann of Swarthmore College, 
was asked to outline a program which 
would be equivalent to that of one year of 
college work—and which could be used in 
high school. Of course, agreement by dif- 
ferent colleges on such a program was ex- 
tremely difficult to secure. The fact that 
any agreement was possible is undoubtedly 
due to the fact that many men realized 
that the situation indeed called for heroic 
measures. 

The problem presented was not a simple 
one. New frontiers in mathematics were 
creating almost unlimited opportunities 
for growth in mathematical knowledge and 
applications to the physical sciences and 
engineering, to the social and biological 
sciences, and to business and industry. In- 
stead of emphasis on the applications and 
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the utility aspect of mathematics at this 
level, stress was needed on the nature of 
the subject, its generality and open-ended 
quality, its wide, divergent fields, its sys- 
tem of logic and its continuous and lively 
growth. In order to accomplish this, the 
committee felt that, for the good student, 
the entire secondary-school curriculum 
could be redesigned as a three-year pro- 
gram, terminating in the ‘Advanced 
Placement Course’’ which would be one 
full year of college calculus with analytic 
geometry. (It should be noted that many 
of the changes sought by this committee 
have been adapted and adopted by the 
later studies of the Commission on Mathe- 
matics and the School Mathematics Study 
Groups in far wider connotations.) Al- 
though a year of calculus is not always the 
first year of college mathematics for a well- 
prepared student in a good college or uni- 
versity at the present time, a year of such 
mathematics does come into the college 
curriculum at some level. This will un- 
doubtedly continue for many years to 
come. 

When the first year of mathematics 
taught in the twelve original colleges of 
the School and College Study was con- 
sidered, only four of these colleges covered 
precisely this material as a freshman 
course. Some also taught algebra and 
trigonometry. Others introduced consider- 
able mathematical logic, methods of proof, 
and elementary set theory, before con- 
tinuing with the calculus. The designed 
course, however, seemed to be the appro- 
priate one and the most logical program 
to follow. The fact that such material 
actually constitutes one full year of college 
mathematics has made the problem of 
credit and placement a relatively easy 
matter. Some colleges were able to place 
the advanced placement students in their 
regular first-semester course in logic, from 
which the students would jump into the 
second-semester sophomore course, taking 
advantage of the college’s special curricu- 
lum as well as the advanced placement 
course. In some cases, the students re- 


ceived only one semester of placement or 
credit, while in others they covered a year 
and a half of a specific college course. One 
fact was clear. When the individual college 
desired to work with these students, the 
details of placing them at the appropriate 
level were quite simple. No other one year 
of college mathematics would in any sense 
make this placement possible. Thus, the 
Advanced Placement syllabus has received 
almost universal acceptance and its pres- 
ent course description appears to be agree- 
able to all. 

If such a program were to have a wide 
success, it would be necessary to persuade 
many schools to try it and to persuade 
many colleges that not only were schools 
trying it, but that the schools could suc- 
ceed in giving courses which were indeed 
worthy of college credit. It is to the credit 
of many farseeing men in the colleges that 
they were able to persuade their colleagues 
to accept this experiment until it had 
proved its worthwhileness. One of the 
reasons for success in persuading colleges 
to accept the results of the program was 
the contribution made by many able and 
devoted men in setting up the examina- 
tion, reading it, and grading the papers. 
Some of the leading college and uni- 
versity mathematicians of the country 
gave unstintingly of their time to assure 
that the syllabus was thorough, that the 
examination was searching, and that the 
grading was fair and at least as rigorous 
as that in their own courses on their own 
campuses. They could thus assure their 
sometimes doubtful colleagues and deans 
that they were not helping to lower their 
own standards, but rather to raise the 
sights of teachers and students all over the 
country. 

Since the caliber of this program reflects 
the caliber of the men working on it, those 
who have served on the Advanced Place- 
ment Committee and given their time and 
effort should be mentioned. First is Pro- 
fessor Heinrick Brinkmann of Swarthmore 
College, the chairman of the committee 
that originally wrote the syllabus for the 
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program and, for three years, chairman of 
the examination committee and the read- 
ers’ committee. Others are: Edward Begle 
of Yale University, now director of the 
School Mathematics Study Group; E. P. 
Vance of Oberlin College; George Thomas 
of M.I.T., director of the undergraduate 
program there and formerly member of the 
CEEB Commission on Mathematics; Gar- 
rett Birkhoff of Harvard; Gaylord Merri- 
man of the University of Cincinnati; 
Rothwell Stephens of Knox College; and 
Albert Tucker of Princeton University and 
formerly chairman of the CEEB Commis- 
sion. Each examination committee also 
has had representatives of secondary 
schools. These have included Carl Streams 
of the Mt. Lebanon High School in Pitts- 
burgh; Harry Ruderman of the Hunter 
College High School in New York; William 
Matson, supervisor of mathematics in 
Portland, Oregon; Edward Walters of 
William Penn High School in York, Penn- 
sylvania; and Richard Pieters of Phillips 
Academy, Andover, Massachusetts. Since 
Mr. Brinkmann’s resignation from the 
committee in 1956, Mr. Vance has been 
serving as chairman of the Board of 
Readers and Mr. Pieters has been chair- 
man of the Examination Committee. 

The Examination Committee meets 
semiannually. The first meeting each year 
is at the Advanced Placement Conference 
in June. At this meeting preliminary 
policies are set, revisions of the syllabus 
are discussed, and agreement is reached as 
to the format of the examination. Then at 
a November meeting the examination is 
constructed. For the last few years it has 
consisted of thirty rather short questions 
of the multiple-answer type, for which a 
student is allowed one hour. Following are 
ten questions of the longer type, for which 
the student has to work out his own 
answers and present them on the exami- 
nation paper. These are of such length and 
difficulty that two hours are allotted for 
their completion. In order to display the 
quality and coverage of the examination, 
the Educational Testing Service has given 


permission for the publication of a com- 
plete examination. It appears at the end 
of this article. 

It should be noted that at the meeting 
of the Committee in November, 1960, it 
was decided to change the allotment of 
time so that the 1961 examination will 
consist of forty-five short questions for 
which one-and-a-half hours will be allotted 
and seven longer questions for which one- 
and-a-half hours will be allotted. 

In recent years, not only because of 
opinions of the Examination Committee, 
but also because of expressed reactions 
from both secondary-school and college 
teachers, the test has been designed to pick 
students who are adequately trained in the 
equivalent of a full-year course in analytic 
geometry and calculus at a liberal arts 
college, and not just to “skim off the very 
top cream.” In this respect the results 
have been most satisfactory. Although the 
examination has not been made easier for 
the best students, more relatively easy 
items have been included to avoid dis- 
couraging students and teachers. 

An important part of the Committee’s 
work, usually every other year, is to re- 
consider the syllabus as printed in The 
Advanced Placement Program: Course De- 
scription, the so-called Acorn Book of the 
College Board. In 1958 this syllabus was 
completely reworked in the light of ex- 
perience with the program. In January of 
1960 another revision was made. 

Another obviously important part of the 
whole program is the reading of the exami- 
nations. The multiple-choice section is 
read by electronic machines, but the Part- 
II questions are read individually by a 
corps of readers under the chairmanship 
of E. P. Vance of Oberlin College. These 
readers are selected equally from colleges 
and from schools in the program. 

The readers of the test have always been 
an extremely competent and efficient 
group. Despite the fact that the number of 
papers grew to 2908 in 1960, the group has 
worked as a unit, and each reader has had 
the opportunity to mark the entire test. 
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Thus the entire group of readers feels that 
they have had a significant part in the 
reading of the whole examination. Because 
it has been a team project, and because 
of the high qualities of the readers, the 
reading has resulted in a most consistent 
product. 

The actual scoring of the tests is worked 
out as follows. Before the reading session, 
the chief reader works out the solution to 
each problem in the two or three probable 
ways. The steps in the solutions are noted 
and various amounts of credit assigned. 
On this basis sample examinations are 
scored and a revised partial credit system 
established. Before each problem is 
marked, the partial credits are discussed 
with the entire reading group, sample 
papers are scored and a group discussion 
leads to an agreement on the final partial 
eredits for each problem. 

During the first few years a comparison 
group of college students took this same 
examination, and a correlation of the 
grades of A, B, and C college students was 
used to check the validity of the grading. 

The results of the grading are sent to the 
college at which the student has matricu- 
lated. These results consist of the separate 
scores on Part I and Part II and a com- 
posite score for the whole examination. 
The Part-II examination paper of each 
student is sent also to the college for its 
consideration in granting or withholding 
advanced placement and credit. 

Most colleges and universities welcome 
advanced placement students in mathe- 
matics. Many give both credit and ad- 
vanced placement. Some give advanced 
credit only. Very few which have admitted 
such students have not as yet set their 
policies. Fortunately, more colleges each 
year are giving credit, whether the student 
continues with his mathematics training or 
not. This is extremely significant. The 
colleges are doing this for two main rea- 
sons. They are aware of the high standard 
set by the program and are reasonably 
confident of the student’s knowledge. 
Also, the colleges wish to encourage sec- 


ondary schools and capable teachers at 
this level by recognizing publicly the col- 
lege mathematics taught in secondary 
schools. Faith in the competent secondary- 
school teacher today is most important, 
especially when demonstrated by college 
admissions officers, registrars, and pro- 
fessors. 

Although it is true that some colleges 
still question the standards of the pro- 
gram, this has almost always been done by 
those who are not too well acquainted 
with it and who are judging it on the basis 
of the performance of only a few candi- 
dates. This question will be discussed later 
in this article. 

One measure of the significance of the 
Advanced Placement Program and its 
effect on mathematics education in sec- 
ondary schools is simply the increase in 
number of those taking the examination. 








Number Number 

of exams of exams 
in all in mathe- 

subjects matics 


Number Number 
Year of of 
schools students 





1955 38 925 1,522 285 
1956 110 1,292 2,475 380 
1957 212 2,068 3,772 750 
1958 360 3,717 6 ,804 1,177 
1959 566 5,900 8,260 1,870 
1960 890 10,540 14,200 2,908 


As evidence of the quality of the work 
done in 1959, eleven hundred students got 
grades of 3, 4, or 5, which are grades good 
enough to get a full year’s advanced stand- 
ing and credit at many colleges including 
Harvard University. 

Another measure of the significance of 
the Advanced Placement Program is the 
effect that it has on a school which goes 
into it wholeheartedly. The evidence is 
very strong that the effect can be electri- 
fying. Not only are boys and girls inspired 
to do better work, but teachers find them- 
selves challenged as never before, and the 
influence pervades the whole course. Defi- 
nite ability grouping is increasing. We now 
find at least three distinct tracks in many 
of the large secondary schools. Problems 
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of each are discussed by the administration, 
the teachers, the parents, and the com- 
munity. Each group—the advanced place- 
ment or honors group, the regular college- 
bound group and the noncollege-bound 
group—has benefited. The challenged 
teacher can now, with great benefit to the 
student, develop new methods for each. 
Better use is also made of the good teach- 
ers. In many cases, a well-prepared young 
teacher, who because of lack of seniority 
previously taught the ordinary beginning 
algebra and geometry, is now teaching the 
advanced placement section. 

How can a school prepare for the Ad- 
vanced Placement Course in Mathematics, 
which is a full college course in calculus 
and not an honors course in trigonometry 
or college algebra? There are many ways 
of doing it. One obvious way is that of 
straight acceleration, doing four years 
of mathematics in three, or, in the case of 
senior high schools, doing the work of 
three years in two. An increasing number 
of students are now having an algebra 
course in the eighth grade. If this is a good 
solid year of algebra they will be ready to 
proceed, not at an accelerated pace, but 
at a regular pace that will still bring them 
up to the threshold of their senior year 
having finished the standard secondary- 
school course in mathematics and ready 
for the calculus. 

Many teachers have found that the 
mere availability of an advanced place- 
ment course is a strong inducement to 
ambitious students to work hard in their 
lower years so as to be able to take it when 
they become seniors. This probably is one 
of the greatest advantages to be derived 
from having such a program in a school. 

We now come to an aspect of the pro- 
gram which is most vital. That is the 
question of the quality of teachers in the 
high schools that are attempting it. Many 
college instructors in mathematics are 
concerned that, with the pressures of the 
space age and keeping up with the Joneses, 
many schools are going into the Advanced 
Placement Program without giving their 


teachers adequate time and opportunity 
for preparing to teach this new course. 
Professor Neeley of Carnegie Institute of 
Technology has set forth this point of 
view very forcefully in an article he wrote 
in the American Mathematical M onthly 
some time ago. If calculus is to be taught 
in the schools as a rote exercise in manipv- 
lation it will be a serious disadvantage to 
the students who take it, rather than an 
advantage, when they get to college. They 
will have to unlearn and then relearn their 
material, and this is more difficult than 
learning it correctly in the first place. If 
teachers cannot teach some of the “why” 
of the calculus as well as the “how,” they 
should not attempt it. That there are 
many teachers in schools of our country 
who can, is a most important point. This 
statement is strongly supported by evi- 
dence from many colleges where students 
have successfully continued a sequence of 
courses of which the first was an AP. 
course in school. For instance, from the 
office of Advanced Standing at Harvard 
College: ‘‘We compared the grades of 
Sophomores in Mathematics 2A [third 
semester calculus] with those of Freshmen 
in the same course who presented Ad- 
vanced Placement test scores of 3 or 
higher. To guard against the possibility of 
wide differences in mathematical aptitude, 
the MAT scores of the two groups were 
also compared. . . . The fact that the Fresh- 
men in question do as well as, and in most 
cases, slightly better than, the Sophomores 
with comparable MAT scores, provides 
strong support for the validity of the Ad- 
vanced Placement Examination. There is 
no evidence to support the view that the 
secondary school student introduced to 
calculus must possess extraordinary 
mathematical aptitude.” What he must 
have is a perceptive, imaginative, and en- 
thusiastic teacher. 

Fortunately there are many opportuni- 
ties to obtain some help for those who 
want to prepare to teach the Advanced 
Placement Program, and in the next few 
years there will be many more. Several of 
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the National Science Foundation Summer 
Institute courses are designed particularly 
for this purpose. 

For anyone who is interested in the Ad- 
vanced Placement Program and who 
wants to learn what other schools are 
doing, or how colleges are reacting, a very 
good idea would be to attend the Ad- 
vanced Placement Conference. Such a 
conference has been held in June each year 
since 1955. At these conferences the ex- 
periences of various schools have been 
exchanged, the successes and failures of 
the program noted, and invaluable per- 
sonal contacts made between school and 
college people. 

Whether or not the Advanced Place- 
ment Program is right for your school is a 
question which only you and your depart- 
ment can decide in the light of the whole 
picture in your school and community. It 
should not be forgotten that this program 
is a program involving a whole year of 
calculus at a college level. If your school 
cannot get such a year’s work in, it should 
not under any circumstances send its stu- 
dents up for the examination. This is un- 
fair to them and to their teacher. This is 
not to say that a half year or less of cal- 
culus is not a good thing for some students, 
but it is an inadequate preparation for this 
particular examination. To convince peo- 
ple of this fact is part of the reason that 
the complete sample examination is 
printed with this article. 

If, due to a reorganization of your 
mathematics curriculum, you have cov- 
ered the amount of secondary-school 
mathematics which you feel is adequate, 
and you have somewhat less than a year’s 
time left, you have to decide what to teach 
during this time. The College Board Com- 
mission has suggested work in probability 
and statistics which would normally take 
about half a year. The SMSG has recently 
published a suggested course in elementary 
matrix theory which would take the same 
length of time. There are many other sug- 
gestions which could profitably be put in 
at this point. Some people are experi- 


menting with courses in finite mathemat- 
ics, others with courses in concepts of 
mathematics using various texts and some- 
times only their own lecture notes. 

The Commission has said repeatedly 
that it feels that some work in probability 
and statistical inference is of great im- 
portance for those who are not going on in 
mathematics, as well as for those who are 
going on in mathematics, physics or chem- 
istry, or other sciences. Its members feel 
that unless and until this has been finished 
one should not attempt the calculus. 
There is some disagreement with this point 
of view and many feel that once they have 
completed the courses in algebra, geome- 
try, and trigonometry, even if they have 
only a half year, they would rather go 
directly into the calculus. It is undoubt- 
edly true that there are more teachers who 
have had at least a minimum training in 
calculus than those who have had training 
in probability and statistical inference. 
This is probably one of the main reasons 
for this point of view. Also it is one reason 
why inadequate calculus courses have been 
mushrooming so rapidly in high schools 
that want to pay lip service to an ad- 
vanced program. 

Once again it should be emphasized 
strongly that the teaching of mere manipu- 
lation is as bad in the calculus as it is in 
algebra, if not worse. The A.P. syllabus is 
prepared with this in mind and examina- 
tion questions are chosen to emphasize 
this idea, but not to overemphasize it, 
since we want our students to have facility 
as well as understanding. Calculus, if 
taught at all, must be taught for meaning 
and understanding. If it is not so taught 
it becomes but a series of memorized 
formulas. If it is, it can open the gates to 
greater understanding, not only of mathe- 
matics, but of all the physical and social 
sciences. It is this opening of the gates of 
a student’s mind which is the objective of 
the Advanced Placement Program no less 
in mathematics than in history and Eng- 
lish. It is the great hope of those who have 
been involved in the program in mathe- 
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matics that teachers, no less than students, 
will find it an inspiration, a challenge, and 
a revitalization of their work. . . . Those 
who have made the attempt have almost 
universally found it so. We hope that 
many more teachers will want to accept 
the challenge to prepare themselves ade- 
quately, if they are not so prepared, and 
to lead students to conquer new fields. 
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MATHEMATICS, SECTION I 
TimE—1 HOUR 


Directions: Solve the following problems, 
using the blank pages for scratchwork. 
Indicate your answers on the answer sheet. 
No credit will be given for anything 
written in the examination book. Do not 
spend too much time on any one problem. 


1. The equation of the circle with center 
(2, —1) and radius 3 is 
(A) 2?—42+y?—2y=4 
(B) x?+42+y?—2y=4 
(C) x?9—4r+y?+2y=4 
(D) 2?—42+y?+2y=14 
(E) 2?+42+y?+2y=14. 
2. The equation of the line whose inter- 
cepts are twice those of the line 
2z—3y—6=0 is 
(A) 2x—3y—3=0 
(B) 4r—6y—12=0 
(C) 4x—6y—6=0 


(D) 2x—3y+12=0 
(E) 2x—3y—12=0. 
3. A relative maximum value of the 


function y=2z*—$2?+2 is 


] 3 
(A) 0 (B) ry (C) 1 (D) > (E) 2 

















dy 
4. If y= ’ then —= 
4+27? dx 
(A) a “eS 
(44-22)? 4422 (442°)! 
pe Gp 
(4+2%)* © (+24)? 


5. The distance from the point (2, 2) to 
the midpoint of the segment joining 
(2, 3) with (—4, —1) is 


(A) 2Vv2 (B)3  (C) Vi0 
(D) 3Vv2_ (E) v13. 
6. The value of k that makes the pair of 


i 62—9y=5 siti 3 
nes ndicular is 
kz--4y=8 oe 
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A) —6 = C . 
(A) 7 O- 


(D) = (E) 6 
a 3 4 


. The number of points of inflection of 


the curve y=2°+52'?+102-+1 is 
(A)O (B)1 (C)2 (D)3 (E) 4. 


. The area between x?y=1 and the z- 


axis from x=} to r=1 is 
A) : (B) : (C)1 (D) : 
( 24 2 3 


(E) 2. 


. The radius, z, of a sphere increases 


with the time, ¢t. What is the radius of 
the sphere when the surface area 
(S=4z*) and radius are increasing at 
the same rate? 


1 1 
(A) a (B) =~ (C) x (D) 2x 


(E) 82. 

*dx 

12 
(A)O (B)1 


(E) log. x. 
7 dz “i 
2 Ve-1 


1 3 
(A) rs (B) 1 (C) 3 (D) 2 (E) 3. 


(C)e (D) e-1 





. The slope of the curve z?+2zy+3y? =3 


at the point (2, —1) is 


(A) —2 (B) -1 
(D) 1 (E) 2. 


(C) 0 


An equation of the line tangent to the 
curve y=sin 2x+3 cos 2z at the point 
on the curve where r=0 is 


(A) 2x-—y=-—3 (B) 2x-—y=-1 
(C) 6r+y=1 (D) 2x+y=3 
(E) r—2y=—3. 


16. 


17. 


18. 


19. 


. The equation of the parabola whose 


focus is (—1, 3) and directrix is the 
line y= —1 is 

(A) 2?+2r=8y (B) 2?+4r-—y=-6 
(C) 242?=8y (D) 2x?+5y=17 
(E) 2?+2zx—8y+9=0. 


. A point moves along the z-axis ac- 


cording to the law: x=3@—é. When 
the acceleration is zero, the velocity is 


(A) 0 (B) 1 (C) 2 (D) 3 
(E) none of these. 


The derivative of log.(z°) is 
(A) 5(log.x*)  (B) 5r‘(log. x) 


(C) 52° (D) 5x (E) e 
x 


d 
If x=2t—3 and y=4—5t??, then = is 
x 


(B) —10¢ (C) —5t 
(E) —5(+3). 


(A) —20¢ 
(D) —5z 


The second derivative of f(x) =e?+e-* 
is 


(A) e*—e* 
(D) —f(z) 


(B) 2f(—2) 
(E) x*f(z). 


(C) f(x) 


The area bounded by the parabola 
x=2y? and the line +=8 is rotated 
around the z-axis. The volume of the 
solid of revolution swept out is 


(A) 8¢ (B) 107 (C) 12 (D) 14e 
(E) 167. 


1 
‘ f ze* dx is equal to 
0 


(A) e 
(D) 2e 


(B) e? 
(E) 1. 


tan 22. 
is 


(C) 3(e—1) 





im 
z—0 Zz 


(A)O (Bz (©) 1 (WD)2 © @. 
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22. At what point on the curve y=+/4—2z 


bo 
ot 


26. 
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is the tangent parallel to the line 
r+2y=7? 


(A) (= =) (B) (3, —1) 
16 4 

(C) (0, 2) (D) (3, 1) 

(E) (4,0). 


. One of the following statements is 


false with regard to the graph of 


y=- le - Which one is false? 
x?(x—2 

(A) The z-intercept is 1. 

(B) There are two vertical asymp- 
totes. 

(C) There is one horizontal asymp- 
tote. 

(D) There is no y-intercept. 

(E) The graph is symmetric to the 
y-axis. 


. The minimum value of y=2V/zx-1 


occurs at 
(A) z=-1 
(D) z=2 


(B) «=0 (C) z=1 


(E) none of these. 


5. The area under the curve y=tan 2x 


TT 
between 2=0 and x= . is 


« 


Tv 
e 


(A) log, 2 (B) cot ( =) 


(C) —eot7! (<) 
(E) —. 


(D) —log si (<) ; 
. — Oe sin i -— 
wae © ‘2 


1 
If f(x) =(1—2)* and g(x) =— >» then the 
x 


derivative of f(g(x)) is 


28. 


29. 





(A) 3(1—2z)-* (B) 3(-—) 
x 


1\2 
(D) 3 (1 -—) 
x 


(C) 301-2)? 


(E) none of these. 


. The area bounded by the curve 


x=(y—1)? and the straight line 


xr=y+lis 
a. @2 ©9 wm 
2 2 ’ 9 


(E) 27. 


The curve y=f(x) between the points 
where x =a and x=b is revolved about 
the line y=1. If f(z)>1 for a<zsb, 
the volume of the solid generated is 


b 
(A) = f [f(a) ae 
b 
(B) x f ([f(2) ?—1)ax 
(C) x f [(f(@))?—2f(e) +1 ]ax 


(D) = f (f(a) +1)%de 


(E) none of these. 

If y=2?—xz, the derivative of y? with 
respect to 2? is 
(A) 22-1 

(C) 42*—62?+22z 
(E) 122?—122r+2. 


(B) 22?—32+1 
(D) 2 


. The area in the first quadrant next to 


the y-axis and bounded by that axis 
and the curves y=cos x and y=sinz 
is rotated about the z-axis. The vol- 
ume of the solid generated is 


T e 2 
(A) ;. (B)r (CC) yee 
(D) > (E) _ - 















rm | 


ints 
out 
<b 
is 
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xt to 

axis 
sin 2 
. vol- 


. The graph of y= 





Advanced Placement Examination, 


Mathematics Section II, 1959 


MATHEMATICS, SECTION II 
TimE—2 HOURS 


. Find the area of the region bounded 


by the curves y=x—2 and y=2z—2”. 


. Consider a parallelogram and any 


point in its plane. Prove by analytic 
geometry that if the sum of the 
squares of the distances of the point 
from two opposite vertices of the 
parallelogram is equal to the sum of 
the squares of the distances of the 
point from the other two vertices of 
the parallelogram, then the figure is a 
rectangle. 


. The area in the first quadrant bounded 


above by the curve y=sin x, below by 
the x-axis, and on the right by the line 


Tv 
-~ is divided into two equal parts 


by the line x=c. Find c. 


. A light is on top of a pole h feet high. 


A ball is dropped from a point at the 
same height as the light but k feet 
horizontally away from it. How fast 
is the shadow of the ball moving along 
the ground 3 second later? Assume 
that the ball falls a distance s=16? 
feet in ¢ seconds. 


. Discuss the graph of y=(2?+1)e’. 


Consider 

(a) the intercepts 

(b) asymptotes 

(c) maxima and minima 
(d) points of inflection 
(e) behavior for large | x| 
(f) symmetries. 


Choose convenient scales and 
SKETCH THE CURVE. (See figure 
at top of second column.) 

ax+b 


———— has a 
(x—1)(x—-4) 


10. 








horizontal tangent at the point (2, 
—1). Find a and b, and show that the 
function has a relative maximum at 
this point. 


. Given a function f(x) such that 


f(1) =f(2) =4, and such that f’’(x) 

exists and is positive throughout the 

interval lS23S3: 

(a) What can you say about the sign 
of f’(3)? 

(b) Prove your statement, stating 
whatever theorems you use in 
your proof. 


. A straight fence 100 yards long stands 


on a ranch. The fence is to be left 
standing, and part or all of it is to be 
used in forming a rectangular corral, 
using an additional 260 yards of 
fencing for the other three sides. Find 
the maximum area which can be so 
enclosed. 


. The area bounded by the curve y =e* 


and the lines y=0, x=0, and r= 10 is 
rotated about the z-axis. Compute to 
three significant figures the volume of 
the solid of revolution so generated. 
Justify any approximations which you 
use. 

P(p, q) is a variable point on the 
parabola y=z?. V(0, 0) is the vertex 
of the parabola. R(0, r) is the point 
where the perpendicular bisector of 


VP intersects the y-axis. Find lim r. 
p-0 
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HOBLADIC 


GEORGE W. HORTON, Illinois College, Jacksonville, Illinois, 
Here is a computer that you and your class can build at no cost. 


Hosuapic? Most of the high speed digital 
computers of today are known by coined 
names. This one was coined to designate 
HOrton’s BLAckboard DIgital Computer. 
It cannot correctly be called a high speed 
computer because it is designed not for 
speed but for ease of understanding. 

This paper describes how a HOBLADIC 
can be constructed by any student or 
teacher. The HOBLADIC can then be 
used to illustrate the basic theory and 
programming of the modern digital com- 
puter—without wires, switches, relays, 
magnetic drums, or similar equipment. 


COMPUTERS IN GENERAL 


Practically all digital computers oper- 
ate, in the abstract, in the same manner: 


1. All of them have a memory, or storage 
system. 

2. Data, i.e., numbers for use in the pro- 
jected computation, can be fed into 
(read-in) the machine in a section of 
the storage reserved for that purpose. 

3. Instructions, coded, can be given to the 
machine to perform certain arithmetic 
operations with the numbers already in 
the memory, the answers being stored 
in designated memory cells. An in- 
struction usually tells where the next 
instruction is to be found. 

4. Answers may be extracted (read-out) 
from a specified reserved section of the 
memory. 

5. All possible operations are reduced to 
simple combinations of addition, sub- 
traction, multiplication, and division.* 


* A study of the circuitry of an electronic com- 
puter would bring out the fact that these four proc- 
esses are further reducible to the single one of addi- 
tion; this paper is not concerned with circuitry. 


These operations are performed by a 
section of the computer which may well 
be called the arithmetic unit. 

6. The output of the arithmetic unit at 
any time is stored in a section variously 
known as the accumulator or register, 
essentially an adjunct of the arith- 
metic unit. 


SPECIFIC APPLICATION 


HOBLADIC abstracts the above items 
and functions and makes certain substitu- 
tions and adaptions which are visible and 
understandable to all. Two of these merit 
special mention. 


1. Memory: The popular press has made 
a fantastic fetish of machine ‘“mem- 
ory.” Actually, the memory function 
consists of producing some physical 
change which will remain fixed until it 
is removed by positive, intentional ac- 
tion. The binary system of numbers 
enters here because it is based on the 
two alternatives of “1 or 0,” ‘Yes or 
No,” “bent or straight,” ‘‘is or ain’t,” 
and so on. Many of the sophisticated 
computers use as memory mechanisms 
steel elements that are either mag- 
netized or not, but a chalk mark on a 
blackboard is a perfectly satisfactory 
memory device. It has all the necessary 
attributes. It may be placed on the 
board, left there as long as it is needed, 
and then erased to make space for a 
new number. 

2. Arithmetic unit: The mind and hand of 
the operator constitute the arithmetic 
unit of HOBLADIC. The operator 
needs only to be able to read and write, 
and to add, subtract, multiply, and 
divide. (The computer has been success 
fully operated by a fifth-grade boy.) 
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The computer in its simplest form is 
merely a blackboard, in one instance 3 by 
4 feet, divided into five general sections: 
(1) the accumulator, (2) the read-in sec- 
tion of memory, (3) the read-out section 
of memory, (4) the remainder of memory, 
and (5) the arithmetic unit. (See Figure 1 
below.) 

The accumulator section is a panel on 
which numbers may be written. In many 
of the operations, the presence of a num- 
ber in the accumulator may be taken for 
granted. Actually, the number to be placed 
there is either the starting or finishing 
number involved in an arithmetic process 
and will be displayed automatically in the 
arithmetic unit. 

It will be assumed that there are 50 
memory cells, numbered from 00 to 49. 
There is nothing unique or critical about 
this number; it could be more or less. The 
read-in section, then, will consist of two 
strips numbered respectively 00-04 and 

















Sh 







































































Figure 1 


05-09, in which data may be written. In 
actual operation, it is found that many 
operations are simplified if the two strips, 
00-04 and 05-09, are removable. (Hooks 
on the main board and holes in the strips 
make this practical.) The strips may be 
called data cards. 

Memory cells, 40-44 and 45-49, are 
read-out strips, made in the same manner 
as the read-ins, 00 and 05. 

Specifically displayed intermediate stor- 
age consists of two vertical banks of five 
marked squares each, so marked that each 
may be given its own designator number 
when the occasion arises and a computa- 
tion-involved number written in. 

The arithmetic unit is a bare black- 
board. 

There is nothing unique about the geo- 
metrical distribution or orientation of the 
various compartments except that the 
arrangement of the read-in and read-out 
sections as horizontal strips and the inter- 
mediate storage as a vertical display has 
seemed to help in the understanding of 
the device. 


INSTRUCTION CODING 


The instructions are given by means of 
a three-letter code, essentially cognate. 
This could be made more consistent with 
machine operation if each instruction was 
given a two-digit number code, but this 
seems hardly necessary. The following 
will be sufficient for the programming of 
many illustrative examples: 


ADC—Accept Date Card . This 
card will be either 00 or 05. In 
either case, the other four entries 
on the same strip are accepted at 
the same time and become dis- 
played and available. 


ADD—ADD to the number in the ac- 
cumulator, or on the board, called 
the “board number,” the number 
now in location 


DIV —DIVide the board number by the 
number now in 
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DLC —DeLiver the answer Card 40 (41, __ is the instruction stored in cell 10: Accept 
42, 43, 44) or 45 (46, 47, 48, 49). the data card 05 (display it by hanging it whic 
; on the proper hooks) and go to cell 11 for puta 
EWB—Erase and — on the Board the the next instruction.” Similarly, “1g Pl: 
number now in EWB 39 19” interpreted, says, “18: tion 
MPY—MultiPIY the board number by Erase, write on the board the number now sevel 
the number now in in 39; next instruction in 19.”’ Pupils soon sired 
: become adept at these interpretations. instr 
NZO —Non-ZerO. Test the accumulator In one case, the HOBLADIC instruc. consi 
(or board). Isit zero? This special tion is a “branching instruction.” There numk 
instruction will be considered are several instructions of this type in the puter 
later. big machines. In this case, the last two as sh 
SNH —Store the Number in Hand. ie pairs of digits are both instruction ad- facing 
4 K + > 9 6“ NT QQ)) >; 
the last number used in the pro- esses. Thee, 21 NZO 12 33” inter. Th 
gram of computation, in preted, says, 21: Test the accumulator one r 
(or board) for zero. If it is not zero, go to get : 
STB —STore the Board number, the last 12 for next instruction. If it is zero, go to identi 
one written in the arithmetic unit, 33 for next instruction.”’ be br 
in memory cell Incidentally, it should be noted that the Ex: 
: poy nes a 
SUB —SUBtract from the board number °"P “0d will My ; if - has no further a — 
: struction or if it is given an impossible The ¢ 
the number now in . s e 
instruction. 
INSTRUCTION CARDS 
' SoME TYPICAL PROGRAMS 
These cards as a group contain the pro- ; ae 
ree , Example 1. Given various values of z Giv 
gram. Individually, each contains: (1) the onik si. Heh Witenes Ive ¢ 
number of the cell containing the instruc- Ys y: 
tion; (2) the instruction, in code, the oper- In ---00---0Ol | 
ation to be performed; (3) the location of put--- @--- y li 
the number to be used in the operation; ; ; li 
: ‘ ; using the values of x and y for which the 2: 
(4) the location of the next instruction. Ho Pe Rea He 
HOBLADIC instruction cards will thus . 
consist of six digits and three letters, e.g., in ---05---06 . 
“10 ADC 05 11” interpreted, says, “This put:-- 2--+ 8 * 
y 
TABLE 1 N 
— 38 
INSTRUCTION I NEXT IN- Oo ; 27 
ADDRESS NSTRUCTION STRUCTION PERATION 18 
10 ADC 05 11 Place constants in the computer. 21 
11 ADC 00 12 Place z and y in the computer. 12 
12 EWB 00 13 Place z on the board. 
13 MPY 00 14 Place z? on the board. 
14 MPY 05 15 Place 22? on the board. Thu: 
15 STB 30 16 Place 2z* in intermediate storage. One of the side com- livered 
partments is numbered 30 and 22? written therein. Bo 
16 EWB 06 17 Place 3 on the board. which i 
17 MPY 00 18 Place 3z on the board. It is 
18 MPY 01 19 Place 3zy on the board. that th 
19 ADD 30 20 Add 22? to 3zy on the board. . 
20 STB 40 21 Place N in read-out cell. tions n 
21 DLC 40 11 Read-out N and cycle, starting over with new values ment i 
of z and y as long as any are available. When no dress” 
more data cards are available the process stops. 
selves a 
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which are constants to be used in the com- 
putations. 

Place the following program of instruc- 
tion cards in the hands of a “caller” (or 
several callers if group participation is de- 
sired). This is equivalent to reading-in the 
instructions, and the instructions may be 
considered as in the computer in their 
numbered cells. Turn control of the com- 
puter over to 10. The program continues 
as shown in Table 1, which appears on 
facing page 214. 

The example is actually too simple. If 
one read in 20 pairs of x and y, one would 
get 20 answers, but they could not be 
identified! The correction of this fault will 
be brought out in the next program. 

Example 2. Given z, y, z, and p, find 
q=zytzp. 

The data card reads: 
00 01 02 03 
y z Pp 
Give control of the computer to 13. 
Program 


13 ADC 00 15 

15 EWB 00 23 

23 SNH 40 25--- (xin 40) 
25 MPY 01 35 


35 SNH 41 16--- (yin 41) 

16 STB 39 22 

22 EWB 02 17 

17 SNH 42 33.--- (gin 42) 

33 MPY 03 27 

27 SNH 43 18-- - (pin 43) 

18 ADD 39 21 

21 STB 44 12--- (gin 44) 

12 DLC 40 18-- - delivers card 

and cycles 


Thus the answer, g, appears on the de- 
livered card along with the data from 
which it was computed. 

It is also brought out in this example 
that the order of numbering the instruc- 
tions need not be sequential; the require- 
ment is that the “next instruction ad- 
dress” be such that the operations them- 
selves are properly sequential. 


Example 3. The building of a table in- 
volving a finite number of definite incre- 
ments in one of the variables, a process 
which makes use of the instruction, NZO, 
is illustrated by the old favorite, the 
Towers of Hanoi. In this problem, the 
number of valid moves to tranfer one pile 
to another of the three available locations 
is given by M=2*—1, where M is the 
number of moves required, and n is the 
number of discs in the original pile. The 
problem, then, is to compute 


M=2"-1, for 1sns64, An=1. 


The data card reads: 


00 01 02 
1 2 64 


Read-in the program; transfer control 
to 10. 


Program 
(Setting up) 
10 ADC 00 il 
11 EWB O01 12 
12 STB 38 13 
13 SUB 00 14 
14 STB 41 15 
15 EWB 00 16 
16 STB 39 17 
17 STB 40 18 
18 DLC 40 19 


(Routine cycle) 


19 EWB 39 20 
20 ADD 00 21 
21 STB 39 22 
22 STB 40 23 
23 EWB 38 24 
24 MPY O1 25 
25 STB 38 26 
26 SUB 00 27 
27 STB 41 28 
28 DLC 40 29 


(Test for completion) 


29 EWB 02 30 
30 SUB 39 31 
31 NZO 19 88 
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If operation 31 does not give zero, the 
next address is 19; if it is zero, the next 
address is 88, a nonexistent address, and 
the computer will stop. 

It may take considerable time to solve 
the traditional problem of the 64 discs, 
n=64, but the complete process can be 
illustrated satisfactorily by changing the 
64 to a 4 and being satisfied with a much 
smaller table! 

The expansion of HOBLADIC is quite 
inexpensive. If one cares to use a computer 
with 100 memory cells, all that is required 
is to make the statement that 100 cells are 
available. Your computer thus proves to 
be an adaptable device. 

With added cells it becomes quite 
possible to expand the third example to 
include in the table the number of moves 


yet to be made at the end of any integral 
completion for n. 


CONCLUSION 


After working through the illustrated 
examples, students may be encouraged to 
choose their own problems and do their 
own programming. There is no better way 
than this to illustrate the need for break. 
ing up a problem into individual steps. At 
the same time, it should become quite 
clear that the machine does no thinking 
for itself; it will do exactly and only what 
it has been instructed to do. 

The author has found the image set up 
by HOBLADIC to be of immense value to 
him as he approached the operation of 
three different commercial computers, 
They are all alike in essence. 





Consecutive integers from 1961 


The object is to express the various integers by using only the four digits 1, 9, 6, 1, standard 
mathematical symbols and no other numbers. (!3 =sub-factorial 3 =2.) 


=—1+9-6-1 21 =1-+/9(6 +1) 41=1+(6—1)!/V9 
2=1-9-6-1 22 =11(6//9) 42 = —19+61 
3=1+9-6-1 23 =(1++/9)-6—1 43=9-6—11 
4=1-9-6+1 24=(1++/9)-6-1 44=—1+9(6-1) 
5=1+9-6+1 25 =(19+6)-1 45 =1-9(6—1) 

6 =6(,/9 -—1—1) 26 =19+6+1 46 =1+9(6—1) 
7=-1+V9+6-1 27 =9-6/(1+1) 47=16,/9-1 
8=-14+19+6-1 28 = (1++/9)(6+1) 48 =(—1+9)-6.1 
9=1-./9+6-1 29 =6,/9+11 49 =(—1+9)-6+1 


10=1-/9+6+1 
11=1+V/9+6+1 
12=9+6/(1+1) 


31=1- 


30 = (6+9)(1+1) : 
V961 51=(16+1) V9 
32 =(9—-1) V16 


50 =(1+9)(6—1) 
52=—1+9-6—1 


13 =(19—6)-1 33=11(9-6)  _ 53 =1-9-6—1 
14=1-9+6-—1 34 =(16+1)(!1/9) 54=1-9-6-1 
15=1+9+6-1 35=19+16 55=1-9-6+1 

16 =1-9+6+1 36 =9(6 —1—1) 56 =1+9-6+1 
17=14+94+6+1 37 =1+9/16 57=—-1-+/9+61 
18=1-/9-6-1 38 = 19/ »/16 58 = —1-./9+61 
19=1-./9-6+1 39 =60+D 44/9 59=1—./9+61 


20=1+/9-6+1 


40 =(—1+9)(6—1) 


60 =(1+9)-6-1 


Many of the integers can be expressed in a variety of other ways. In some cases, the neatest repre- 
sentation was discarded in favor of one in which the digits 1, 9, 6, 1 appearin that order. Sub-factorial 
3 =!3=2. The reader may care to extend the series—Cuar_es W. Triaa, Los Angeles City College. 
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Digital computer programming 


in high school classes 


LOWELL T. VAN TASSEL, Herbert Hoover Senior High School, 


San Diego, California. 


A student can obtain programming experience 


THE WRITER OF AN ARTICLE in a recent 
issue of the American Mathematical M onthly 
quoted Professor Perlis to the effect that 
“whereas we think we know something 
when we learn it, and are convinced we 
know it when we can teach it, the fact is 
that we don’t really know it until we can 
code it for an automatic computer.””! 

Last year, in two “upper track”’ (i.e., 
advanced) eleventh-grade classes at Hoover 
Senior High School, San Diego, California, 
class and teacher embarked on an unusual 
and ambitious program. We spent about a 
week examining in some detail the nature 
of the real and complex number system. 
The following week we attempted to re- 
late our findings to applications in indus- 
try, and in particular to the programming 
of digital computers.? Vocational oppor- 
tunities in this field also were explored. 

With some encouragement, students 
first of all set up the model computer® 
essentially as shown in Figure 1. The 
model computer can be conceived as made 
up of two main units: a memory bank and 


1George E. Forsythe, ‘“‘The role of numerical 
analysis in an undergraduate program,’’ American 
Mathematical Monthly, October 1959, p. 656. 

* The slide rule, as an analog computer, should be 
noted here, and contrasts and comparisons made, 
especially after the unit is completely finished and the 
students understand the great difference in details. 

* A book of general usefulness to the teacher here is 
Electronic Digital Computers by Franz L. Alt (New 
York: Academic Press, Inc., 1958), pp. x +336. 


without an electronic computer. 
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Figure 1 


an operation or computation section. 

We assume that the “Add” section 
merely finds the sum of all addends that 
enter it, and will read out to any memory 
cell on direction. Arbitrarily, we say an 
“‘Erase”’ signal is necessary to zero “Add.” 
“Mult.” produces products of all factors 
entered, and will likewise read out as 
commanded. We assume for “‘Subt.”’ that 
this unit produces A—B, where A is en- 
tered first, and then B, in that order. 
Again arbitrarily, ‘““Div.”” produces quo- 
tients of C divided by D, the order of en- 
tries being first C’, then D. 
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“Square” and ‘Square root,” especially 
the former, are for convenience, as they 
make programming easier for the begin- 
ner. The “Count” register is handy for 
computing means—as addends are sent to 
“Add” while n, the number of counts, is 
kept in “‘Count.”’ An arithmetic mean can 
be produced in “Div.” by first sending in 
total found in “Add” (C in previous nota- 
tion) and then sending in “Count” (D in 
previous notation). The mean then can be 
read out to any convenient memory cell. 
Also, considerably more sophisticated logi- 
cal decision processes can be accomplished 
by exploiting the ‘“Count”’ register. 

The coding system is of the “from-data- 
to’’ type. Each line of the program tells the 
computer to get from some specified mem- 
ory cell or register some data stored there- 
in, and then transfer it to some other loca- 
tion. One of the ground rules used in our 
class was that every operation result goes 
to some memory cell after having been 
computed. From the memory cell, it is 
then fed back to any new part of the com- 
puter where it is required. 

Probably no real computer looks exactly 
like the model, and, in most computers, 
segments are not as clear cut as shown in 
the model. ‘Squares’ are convenient, 
rather than necessary; and “square root” 
is usually an iterative subroutine—an 
approximation process, rather than a dis- 
crete operation cell. ‘‘Erase’”’ is a signal 
sent to a unit to clear any pre-existing data 
in addressee cells. The memory is consid- 
ered to be of sufficient size, as far as num- 
ber of cells are concerned. No limit was 
placed on the length of numbers that could 
be stored in each memory cell. 

Our first problem on the digital comput- 
er involved the writing of a program 
(adding-machine tape could be used here 
for dramatic effect) for the solution of, say, 
2x+5=17, or, more generally, az+b=c. 
The purpose of this elementary problem is 
to make the student focus on the capabili- 
ties and limitations of the model comput- 
er. The computer will do only and ex- 
actly what it is told to do. The student 
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also perceives that one might just as wel] 
write the general solution to begin with, 
The purpose of ‘‘Erase” and uses of mem- 
ory also become apparent to the novitiate 
program writer. Certain niceties, such as 
leaving a “clean” machine and having the 
answer appear in a given memory cell, 
can receive minor emphasis. 

The student should think approxi- 
mately as follows for the solution of ax+} 
=c: Clear all memory cells and operations 
registers. Enter data into memory. For 
example, enter a in memory 1, b in mem- 
ory 2, cin memory 3. (The student should 
observe that the z itself does not appear 
in the program.) From memory 3 enter c in 
“Subt.” From memory 2 enter } in 
“Subt.,” it being understood that this se- 
quence of entries produces c—b, in “‘Subt.” 
Read c—b from “Subt.” into memory 4 
and then from memory 4 read data into 
division operation section. Now from 
memory | read a into division cell, under- 
standing that this sequence produces 
(c—b)/a. Read out answer to, say, men- 
ory cell 5. Erase all save memory 5. 

More complicated linear problems in 
real as well as single complex variables 
should now be attempted. I encouraged 
students to make up their own command 
instructions, and to modify the computer 
if they saw fit. It is instructive to program, 
for example, 2x+3ty=5+77 and also to 
program a general solution for two linear 
equations in two unknowns. Here, after 
erase signal, one may have a tree or branch 
circuit. In the event that the determinant 
of coefficients is zero, program stops. In 
the event of a nonvanishing determinant, 
program continues. 

A test programming problem to see how 
well this material has been learned is to 
have students program a solution to the 
general quadratic equation, under the 
assumption that both roots are real. An 
origin»! program, Figure 2, by a student 
at loover shows his attempt. It is instrue- 
tive to follow his solution through in de 
tail, and then to attémpt other solutions 
that approximately parallel his program. 
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Problem 
Given the Quadratic Equation: 


Px?+Qz+R=0, with Q?—4PR20. 


Find: The two roots. 


Program: 

1E 14 tm6 sa 27 tmdf 
9eP ml 15 tm7 sb 28 tml f 
3eQm2 16 tsm8 29 tf m13 
4eRm3 17 tm8sqrt 30 tmil de 
5e4m4 18 tsqrtm9 31 tml13 dd 
6e2m5 £19 tm2 sb 32 td m14 

7 tm2 f 20 tshml10 33 tml12 de 

8 tm2 f 21 tml0a 34 tml13 dd 

9 tf m6 22 tm9 a 35 td m15 
10tm4f 23 tamil 36 tml14 c bp 
litmlf 24 tml0sa 37 tmlic bp 
12 tm3 f 25 tm9 sb 38 Em14 

13 tf m7 26 ts m12 39 Em15 


Symbols used: 
E Erase 
e Enter 
t Transfer 
m Memory unit (usually followed by 
number) 
sa Subtract A 
sb Subtract B 
s Subtract (A —B) 
a Add 
f Multiply 
sqrt Square root 
de Divide C 
dd Divide D 
d Divide (D) 
p Photorelay* 
b trip* 
c reader* 
g test problem 


* Steps p, b, and c involve a Polaroid-Land camera 
taking a picture of the digital voltmeter display—an 
invention of the student programmer, for making a 
permanent record of final answer for files. 





Figure 2 


We concluded our work in digital pro- 
gramming with the solution to the gen- 
eral quadratic. However, in advanced 
twelfth-grade classes, Newton’s method 
for real roots of polynomials could be pro- 
grammed, as well as any special tabulation 
of functions that might be required. One 
example here might be tabling of exp (x) 
for different values of z. One could use 


n  P 





= ) — but 
p—0 DP! 
=, (—z)? 
r= bm gives 
po «sé! 


faster convergence, as well as better esti- 
mate of error. 

On the whole, class and teacher learned 
much from the exercise. Subject to the 
model computer chosen, the student had a 
chance to be as creative as he could. It is 
easy to suggest problems at various levels 
of difficulty. A subroutine for square roots 
by approximation would be one. An im- 
proved model computer might contain 


trig functions in memory, and right and 
oblique triangles could then be solved. A 
lengthier problem would be a program for 
solution of a general cubic. 


SUMMARY 


An advanced senior high mathematics 
class was introduced to the elements of the 
digital computer and its allied program- 
ming. The teacher educed from the class 
some necessary properties of operations of 
the computer, but a certain amount of 
didactic lecture seemed in order. Students 
then set to work on writing programs for 
the model computer, ranging from linear 
equations to systems of linear equations 
and quadratics. The week-long exercise in 
writing programs fostered clear and pre- 
cise thinking on the solution of already 
familiar problems, and encouraged the use 
of maximum ingenuity to produce answers 
which were, in this case, useful digital pro- 
grams. For more advanced students, in- 
creasingly sophisticated numerical prob- 
lems can be devised. 
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Computer programming 
for high schools and junior colleges 


DARREL G. LITTLEFIELD, Alhambra Union High School, 


Martinez, California. 


A proposed course in computer programming for secondary schools, 


THIS PAPER CONCERNS the recommenda- 
tion of the adoption of a special course in 
digital computer programming at the high 
school or junior college level. 

The recommended course would be 
rather selective, open only to those stu- 
dents who have a strong interest in and 
aptitude for mathematics and science. 

The course could be made possible 
through the joint effort of high schools or 
junior colleges and highly interested groups, 
such as research laboratories, industrial 
organizations, or large business firms who 
possess the necessary digital computers. 

It would be the responsibility of the 
high school or junior college to take steps 
to integrate the course in its system and 
the responsibility of the co-operative 
group to allow free released time on their 
computer so that the student program- 
mers could actually make their own ma- 
chine runs. 

There will be problems to overcome in 
starting such a program, but their solu- 
tions can be realized through joint effort 
by school and allied groups. One of the 
most difficult will be the obtaining of per- 
sonnel qualified to carry out the actual 
instruction. One solution would be long- 
range planning in the training of a mathe- 
matics or science teacher in computer 
programming. Another solution would be 
the provision of a trained person as in- 
structor by the co-operative group. 

The course would be organized in much 
the same way as any other science course, 
with regularly scheduled theory and labo- 


ratory sessions. The theory sessions would 
be held in the school plant, and the labora- 
tory sessions would be scheduled for the 
installation where the computer is located. 

As an alternative to the use of an indus- 
trial machine, a course could be introduced 
into a system where a student-designed- 
and-constructed computer is available. 
Although limited in scope, this type of 
course has been tried by some systems 
with noteworthy success. The author 
knows from his own experience that indus- 
trial firms are very willing to supply mate- 
rials and technical advisors. 

Both the growing national interest in 
and concern over the science curriculum of 
the secondary school and the ever increas- 
ing demand for qualified computer pro- 
grammers seem to warrant such training 
at the high school and junior college levels. 

The author received instruction in pro- 
gramming the IBM 650 through summer 
employment at the Lawrence Radiation 
Laboratory at Livermore, California, and 
realized that such instruction could be a 
real challenge to the student majoring in 
mathematics and science. He approached 
the Radiation Laboratory, IBM, and the 
high school district with the idea that a 
course in programming the IBM 650 be 
given to a selected group of seniors. 

The pilot course, which was taught toa 
group of ten physics students during the 
second semester of the 1957-58 academic 
year, was mainly an extracurricular ad- 
venture, but it developed into a regularly 
scheduled credit course involving fifteen 
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small mathematics and small science ma- 
joring students with two instructors dur- 
ing the 1958-59 school year. 

The trainees attended one two-hour 
theory session each week and one three- 
hour computer laboratory session each 
month. The majority of problems that 
were student programmed and machine 
run were taken from the mathematics and 
science courses in which the students were 
enrolled. One student, a junior boy, took 
on the very responsible task of program- 
ming the scheduling of students of Liver- 
more High School which could result in 
near-optimum scheduling. A second stu- 
dent, a senior girl, was programming a 
problem related to the correlation be- 
tween the results of the algebra placement 
tests and the success and failure of stu- 
dents in algebra. 

As an outgrowth of this instruction, two 
students were able to design and construct 
a small binary computer which they dem- 
onstrated at the Western Joint Computer 
Conference held in San Francisco during 
March, 1959. Small units such as this one 
could readily be utilized as a teaching aid. 

The computer course, as set up by the 
author with assistance from Mr. Herbert 
Thomas of the mathematics department, 
and the other programs mentioned before, 
have certainly proved that the high school 
student is able and needs only an oppor- 
tunity to demonstrate his capabilities. 


CouURSE FOR COMPUTER PROGRAMMING 
FOR HIGH SCHOOLS AND 
JUNIOR COLLEGES 


I. Name of course 
A. Computer programming 
II. Student programmers 
A. High school 
1. Juniors 
2. Seniors 
B. Junior college 
1. Freshmen 
2. Sophomores 
III. Objectives 
A. Basic understanding of the oper- 
ation of the digital computer 


IV. 


VI. 


VII. 


B. Appreciation of the power and 
application of the digital com- 
puter in modern technology and 
accounting 

C. Creation in the mind of the stu- 
dent of a more meaningful con- 
cept of number and equation 

Type of course and credit 

A. Elective course with academic 
credit 


. Prerequisites 


A. Strong interest in mathematics 
and science 
B. Good aptitude for mathematics 
and science 
C. Suitable background in mathe- 
matics and science 
D. Interest in computer program- 
ming 
Meeting times 
A. Classroom instruction—theory 
sessions 
1. Two to four two-hour ses- 
sions per week 
B. Machine run time—laboratory 
sessions 
1. One three-hour or two two- 
hour sessions per month 
Methods 
A. Visiting lecturers 
1. Representatives from indus- 
try, business, scientific labo- 
ratories 
2. Suggested topics for lectures 
a) History of computers 
b) Application 
(1) Past—solution of 
problems of tabula- 
tion 
(2) Present—solution of 
scientific and account- 
ing problems 
(3) Future—solution of 
economic, social, and 
political problems 
3. Specific aspects of the pro- 
gramming process as seen by 
visiting lecturers 
B. Field trips—suggested tours 
1. Computer assembly plant 
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. Data processing plants 
a) Business and _ industrial 
organizations 
b) Public service organiza- 
tions 
c) Educational institutions 
3. Allied manufacturing plants 
a) Calculator manufacturers 
b) Electronic equipment 
manufacturers 
C. Teaching aids 
1. Suggested materials 
a) Computer manual of op- 


erations 

b) Planning charts, coding 
forms 

c) Optimum = programming 
chart 


d) Allied teaching publica- 
tions, reference texts, 
computer journals 

2. Films 

a) Available through com- 

puter manufacturers 
. Kits 

a) Manufactured 

b) Student produced 
(1) Training board 

4. Charts, models 

a) Punch-card model 

b) Planning-chart model 

c) Internal-flow chart 

5. Binary adder—training aid 

a) Logical add, subtract aid 

b) Student constructed aids 

6. Desk calculator 
a) Hand, electric 
7. Hard-card punch 

a) For placing instructions 

on input cards 


oo 


VIII. Foundation in the mathematics 


A. Binary number system 
1. Compared with decimal sys- 
tem 
a) Conversion 
(1) To and from decimals 
. Addition—subtraction 
a) Addition table 
3. Multiplication—division 
a) Multiplication table 


bo 
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IX. 





4. Compared to octal system 
a) Facilitates conversion 
(1) Decimal to binary 
(2) Binary to decimal 

B. Statistical—numerical analysis 


1. Fundamentals of approxi- 


mate measurement 
2. Accuracy of measurement 


3. Interpretation of observed 
measurement and _ recorded 


data 
C. Boolean or logical algebra 
1. Explain machine logic 
Principles of computation 
A. Analysis 
1. Problem analyzed 
B. Theory of programming 
1. Flow-chart block diagram- 
ming 
C. Coding 
1. Problem placed in machine 
language 
2. Computation instructions 
3. Coding techniques 
4. Planning chart 
D. Card punching 
1. Instructions placed on input 
cards 
E. Checking 
1. Debugging—machine and 
hand 
F. Machine run 
1. To obtain calculated results 
G. Evaluation—graphing 
Machine organization and opera- 
tion 
A. Input—output 
1. Card input—card output 
2. Tape input 
3. On-line printer output 
B. Memory 
1. Storage of word instructions 
a) Data information 
b) Instructions to facilitate 
arithmetic and _ testing 
operations 
C. Arithmetic and testing opera- 
tions 
1. Addition—multiplication 
2. Subtraction—division 
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3. Testing—branching 
D. Control—checking 
1. Internal self-checking 
2. Console control 
a) Step-by-step observation 
of problem 
b) Control and guidance of 
the computer in the solu- 
tion of problem 
c) Detection of errors 
d) Trouble analysis—debug- 


ging 
CONCLUSION 


The description of the course in com- 
puter programming proposed for high 
schools and junior colleges is based pri- 
marily on the type of course that was 
taught at Livermore Union High School, 
Livermore, California, during the 1958-59 
school year and which is being introduced 
into the Alhambra Union High School, 
Martinez, California, this year. 

The basic objective in this course is not 
to train students as computer technicians 
but rather to expose them to an avenue of 
endeavor which will tend to enlighten and 
enrich. As Mr. Aaron Buchman, a high 
school mathematics instructor in Buffalo, 
New York, stated, “Computer program- 
ming is a step in the direction of the fuller 
utilization of the scientific and mathe- 
matical abilities of young people.” 

The statement of prerequisites should 
not be interpreted as meaning that only 
the very brightest students are qualified 
for such training. There is a good oppor- 
tunity for students of varying abilities in 
the field of programming. In the course 
taught at Livermore, student trainees of 
only average ability were able to complete 
the course successfully. The desire to suc- 
ceed is the most important qualification. 

In programming there is a certain 
amount of just plain mechanical or pencil 
work called coding which applies to the 
placing of the problem in machine lan- 
guage form. Coding is the simplest part of 
the programming process and is less de- 
manding on the programmer than the 


problem analysis, debugging, machine 
running, and the interpretation of com- 
puted results. The course as it is taught in 
high school would normally be geared to 
the coding process, but some students are 
able to grasp the very fundamental con- 
cepts of programming, and they could be 
considered as student programmers. 

The study of the binary system, Boolean 
algebra, and elementary numerical analy- 
sis is not a necessary part of such instruc- 
tion at the high school level, but with an 
understanding of these mathematical con- 
cepts, a more realistic concept of program- 
ming will be realized by the student. 

The author knows from his own experi- 
ence and from having read of the experi- 
ences of others that such a course is most 
feasible and could be introduced into a 
large number of high schools and junior 
colleges. There are hundreds of IBM 650 
computers in use in the United States and 
probably just as many research labora- 
tories, industrial concerns, and business 
organizations who are willing to co-operate 
with a comparable number of high schools 
or junior colleges in starting courses. 

The proposal for a course in computer 
programming is not confined to this ma- 
chine alone. Other computers built by 
IBM, Remington Rand, Burroughs, and 
others, could be programmed by high 
school and junior college students. 

The author strongly recommends that 
high schools and junior colleges look to the 
computer as a natural educational re- 
source. Like other school resources, the 
computer can be employed to foster posi- 
tive and rewarding scholastic growth for 
the youth entrusted to the school’s care. 
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Digital computer—nonelectronic 


FERD W. MC ELWAIN, Lincoln High School, Los Angeles, California, 
Some interesting computations on one of our oldest digital computers, 


Now THAT WE ARE well embarked on the 
computer age, it might be profitable to 
call the pupil’s attention to the built-in 
computer from which he is inseparable. 
This computer consists of a set of counters 
(ten fingers) and some very elementary 
techniques. The techniques required here 
are very elementary indeed, consisting of 
the ability to multiply simple numbers, to 
count in multiples of ten, and to perform 
simple addition. 

The mechanics of the operation consist 
of arranging the fingers in certain combi- 
nations. The size of the multiplicand and 
multiplier determines the value given to 
counters. If we wish to multiply a number 
ranging from 6 to 10 by another number 
within this same range, number the fingers 
of each hand, starting with the thumb, 
6, 7, 8, 9, 10, respectively. To multiply, 
close the fingers of one hand up to and 
including the finger representing the mul- 
tiplicand and, keeping them together, 
point them generally downward, allowing 
the loose fingers to point upward. We 
shall hereafter refer to the down or closed 
fingers as the primary fingers, and the up 
or loose fingers as the secondary fingers. 
Adjust the right hand in like manner for 
the multiplier and bring the hands to- 
gether. To count, allow 10 for each closed 
or primary finger of both hands. Add to 
this the product of the number of loose 
secondary fingers on the left hand by the 
number of loose secondary fingers on the 
right. The result is the product desired. 

To multiply 8X7 for example, the 
thumb and first two fingers of the left 
hand (8) will be placed next to the thumb 
and first finger of the right (7) as in Figure 


3x2*6 





7 X 8=(5x 10)+(3 x 2)= 50+6= 56 


Figure 1 


1. The partial product is 10 for each finger 
in the closed primary group (50). To this 
is added the product of the number of 
loose or secondary fingers on the left hand 
by the number of loose or secondary fin- 
gers on the right (2X3=6). The sum is 56, 
the product of 8X7. 

The same method may be used to mul- 
tiply a number in the range 16 to 20 by 
another number ranging from 16 to 20. 
Fingers are numbered 16, 17, 18, 19, 20, 
starting with the thumb. In counting, 
start with an additive constant of 200, 
allow 20 each for the primary fingers, and 
add the product obtained as before from 
the secondary fingers of the right and left 
hands respectively. For example, to mul- 
tiply 19X19 using this system: 


Additive constant = 200 
8 primary fingers at 20 each = 160 


Secondary fingers 1X1 = | 
Total = 361 
19X19=361 


To multiply a number ranging from 11 
to 15 by another in this same range, assign 
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yalues from 11 to 15 to the fingers in the 
same manner as previously. Close the 
fingers of the left hand up to and including 
the finger representing the multiplicand, 
and leave the rest loose, pointing upward. 
These are the primary and secondary fin- 
gers respectively. Arrange the right hand 
likewise for the multiplier. Start with an 
additive constant of 100, and count 10 for 
each counter. For the additional partial 
product, use the primary fingers this time 
(the same being used as counters), the 
number of fingers on the left hand being 
multiplied by the number of fingers on the 
right. Adding these three numbers will 
complete the desired product. As an ex- 
ample, to multiply 14X13: 


Additive constant = 100 


7 primary fingers at 10each= 70 
Primary fingers 4X3 = 12 

Total = 182 
14X13 = 182 


To multiply a number ranging from 21 
to 25 by another in this same range, num- 
ber the fingers appropriately, start with an 
additive constant of 400, allow 20 for each 
primary finger, and add the product ob- 
tained from the number of primary fingers 
on the left and right hands respectively. 

Further information for multiplying two 
integers, each within the same half-decade 
of the number system, is supplied in Table 
1. The integers are grouped in decades, 
each decade starting from one in one’s 
place and including the multiple of ten 
directly above. For example: 31 to 40 is 
decade number three, forty being included 
in the three decade. It should be further 
noted that the numbers 1 to 10 comprise 
what is referred to in this treatment as the 
zero decade. 

The lower and upper five digits of each 
decade are keyed into the table as L and 
U respectively. This is done because these 
two half-decades require different treat- 
ment. It will be noted from the table that 
when two numbers, each from the same 
lower half-decade are to be multiplied, the 


TABLE 1 








Appi- VALUE FINGERS 








Dec- Hatr- TIVE OF USED TO 
ADE DEC- CON- COUNT- PRODUCE 
ADE STANT ERS PARTIAL 
D K Cc PRODUCTS 
9 U 9000 100 Ss 
L 8100 90 P 
8 U 7200 90 Ss 
L 6400 80 P 
7 U 5600 80 Ss 
L 4900 70 P 
6 U 4200 70 Ss 
L 3600 60 P 
5 U 3000 60 Ss 
L 2500 50 P 
4 U 2000 50 s 
L 1600 40 yg 
3 U 1200 40 Ss 
L 900 30 P 
2 U 600 30 s 
L 400 20 P 
1 U 200 20 Ss 
L 100 10 P 
0 U — 10 Ss 
L -- a Ss 
Definitions 


K =additive constant 

C =counter value 

D =the value of the decade 

L=lower half of decade (Example: 21 to 25) 
U =upper half of decade (Example: 36 to 40) 
P=primary fingers ‘‘down”’ or ‘‘closed” 
S=secondary fingers ‘‘up” or ‘‘loose”’ 


partial product is obtained from the pri- 
mary fingers, while if numbers from an 
upper half-decade are to be multiplied, the 
secondary fingers are used. Otherwise 
stated, the use of primary and secondary 
fingers for partial products alternates 
every half-decade. 

The product of any two numbers lying 
within the same half-decade may be ob- 
tained from the table by finding the cor- 
rect constant K, multiplying the number 
of counters by the counter value given, 
using the correct fingers, primary or sec- 
ondary, for the partial product, and add- 
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ing the three results together. For ex- 
ample, the solution of the problem 81 X83 


appears thus: 
Solution: 
K = 6400 
4 primary fingers at 80each= 320 
Primary fingers 1X3 = 3 
Total = 6723 
81X83 = 6723 


For further simplification and use of this 
system without constant reference to the 
table, several formulas are useful. Where a 
product is desired whose factors fall within 
some specific half-decade, the constant K 
and the counter C may be obtained by the 
use of formulas. Using D for decade value, 
the formulas for the lower half-decades 
are: 


K,=100D*, C,=10D. 


If upper half-decade factors are used, 
the formulas are: 


Ky=100D(D+1), Cv=10(D+1). 


Heretofore we have been concerned only 
with an organized counting of the fingers 
to achieve the multiplication process. An 
explanation as to why the system produces 
the correct answer is most certainly apro- 
pos. To begin with, the two number factors 
may be thought of as two binomials. In 
multiplying 13 X14 as binomials for exam- 
ple, we have 13 X 14= (10+3)(10+4) = 100 
+70+12= 182. In our system of multipli- 
cation, the system currently being present- 
ed, we start with K=100, and add 70 (7 
primary fingers at 10 each) and add 3X4 
(the respective primary fingers of the two 
hands). To take another example, 22 X24 
= (20+2) (20+4) = 400+ 120+8=528. In 
our system, we start with K = 400, add 120 
(6 primary fingers at 20 each), and add 8 
(primary fingers, 2X4). These two exam- 
ples selected from lower half-decade 
brackets parallel the algebraic product of 
two binomials exactly! 

In the upper half-decade brackets, the 
explanation takes a slightly different turn. 


In our system, 17X19 becomes 200+ 129 
.+3=323. Using binomials, 17X19=(10 
+7) (10+9) = 100+ 160+63 = 323. There 
seems to be no similarity, but try again 
with 17X19=(20—3) (20—1)=400—g9 
+3=323. Now use the fingers again and 
count another way. If the secondary fip- 
gers are used as counters for subtracting 
instead of the primary fingers for adding, 
we can start with 400, subtract 80 (4 sec- 
ondary fingers at 20 each) and add 3. As 
another example, 8X9 becomes (10-2) 
(10—1). If we use secondary fingers for 
counters for subtraction, and start with 
the knowledge that we are working down- 
ward from 100, we count 3 secondary 
fingers for 30 to be subtracted, and havea 
partial product of 2 to be added, giving us 
100—30+2=72. Again we parallel bi- 
nomial multiplication exactly! 

Previously in this presentation, only 
pairs of factors each within the same half- 
decade number bracket have been used. 
For example, using Table 1, a factor from 
the range 16 to 20 can only be multiplied 
by a factor from the range 16 to 20. We 
now propose to expand the system and its 
usefulness by removing this limitation. 
The expanded system is summarized in 
Table 2. 

The main reason for different treatment 
of the multiplication process in the case of 
products whose factors fall within different 
half-decade brackets is that in this situa- 
tion, as contrasted with the previously 
presented situation, the left-hand counters 
must be assigned different number values 
than the right-hand counters. As before, 
the primary fingers are used as counters. 
In Table 2, the counter values assigned to 
the left-hand primary fingers have been 
designated C',; for the right hand, Cr. 

Some examples should clarify the uses 
that can be made of Table 2. If we wish to 
multiply 2234, this constitutes a num- 
ber from the second decade (2), lower half 
(L), times a number from the third decade 
(3), lower half (Z). This appears in the 
table in the category 2L X3L. The number 
of primary fingers are: left hand—2, right 
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120 TABLE 2 
here Factors i tesineuien . Factors Cnsseitien = 
pan K VALUE K VALUE 
1 2 or 1 2 or 
~80 VALUE s VALUE s 
Oo” * 
and DH D H 0 he DH DH oa 
fin- 
i 0 U ; & 50 10 5 r S 2 3 sL 575 35 25 Ss 
Ang 0 U 2 UL _— 100 20 a eh 454 7% 45 2 § 
ing, .- U.-8 &b 150 30 5 P $ ib Sd 975 55 25 Ss 
ec Su stb m= # 8 F 
4 . DU S&S &£ 250 50 5 P 2 2 2: & 750 30 25 ig 
as 2 U 4 L_ 1000 40 25 P 
or Se. 2 8 100 30 10 
; ou 30 io 4 0 § a a a a, a 
ith . se 4¢6¢°m as = 4 
. 0 U 4 U 200 50 10 s 5 0 0 s 
” 0U 5 U 20 6 1 SS 2 U 5 U — 1350 6 3 
ary 
3 kb ff Ui 35 30 P 
she a 7 Sa - aa ae eh 2. oe | eS eS 
us ee) Be BB: Sa oe 3 L 5 U 165 55 30 P 
bi : ©» 8 . ro 35 10 P 
; 1 L 4 50 645 0 «610—CP $h 4 te Ome Om 8 
1 L 5 U_— 550 55 10 P LL & & 6 ut. <8 
ly 
If- a a= 2% 1 #8 3 U 4 L_ 1400 40 35 =P 
d . £ 3 s4L 275 35 15 NS] s @ 56 L 1750 50 35 ig 
ids ae ? 4 L 375 45 15 Ss 
m ey & GL 475 55 15 Ss se £4 BP 160 50 40 s 
ed  @ 5 VY 1900 60 40 s 
Ve ce 2. 2 300 20 15 P 
’ . - > 450 30 15 P 4 L 4 U 1800 45 40 P 
s a: , oe? 600 40 15 P 4 éL 5. 2200 55 40 P 
Nn. ae St 750 50 15 P 
in 4 L 5. i 1975 55 45 Ss 
1 U 2 U 350 30 20 s £ “Lb 6 6&L 2375 65 45 St 
nt Md z = = = 4U 56 L 2250 5 4 #=~?P 
4 U 6 L 2700 60 45 2 
of 1U 5 U_ 800 60 20 #§ 
at 4 U 5 U_~ 2450 60 50 Ss 
“" . & 2 500 25 20 P 4 U 6 U-~ 2900 70 50 s 
| - -% ao U 700 35 20 Ig 
y 24L  @ 900 45 20 P & LL Ss @ 2750 55 50 P 
's - L 5° 1100 55 20 P 56 L 6 U 3250 65 50 P 
§ 
ey 
: Explanation of column headings 
0 
, Factor 1—multiplicand Cz—counter value, left hand* 
Factor 2—multiplier Cr—counter value, right hand* 
D—decade of the given factor P or S—primary or secondary fingers used to ob- 
g H—half-decade bracket of the factor tain partial product 
) 
f * Primary fingers used as counters values appearing in the table seemed to have value 
" t It was originally intended to limit the table to enough to show in all cases. In the last stages of the 
7 the five decade. This was done until an exception table, the six decade was included when these differ- 
’ seemed indicated. Certain differences in K and Cz ences would not otherwise be shown. 
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hand—4. We use the secondary fingers to 
obtain the partial product. From the 
table: 


K = 575 
Ci. =35; 2X35 = 70 
Cr=25; 4X25 = 100 
S=secondary; 3X1= 3 

Total = 748 


22 X34=748 


For another illustration, to multiply 
16X42, we are in the category 1U X4L. 
This gives primary fingers: left hand—1, 
right hand—2. We use primary fingers for 
the partial product. From the table: 


K = 600 
C,=40;1xX40 = 40 
Cr=15;2X15 = 30 
P=primary;1X2= 2 

Total = 672 
16 X42 = 672 


It may appear that all has now been 
said in regard to the combinations of half- 
decade number brackets; that, for exam- 
ple, no other combinations of K, C, and 
primary and secondary choices can be 
used to achieve the multiplication process. 


What's new? 


As a check, we might try multiplying 
14X13 as was done in one of these earlier 


‘paragraphs, but with the difference that 


we now wish to use secondary fingers for 
the partial product. (Formerly we used 
primary fingers, K=100, C=10.) Let us 
now use K=75 and C=15. The problem 
appears thus: 


K = 7 
7 primary fingers at 15= 105 
Secondary fingers1X2= 2 


or 


Total = 182 
14X13= 182 


These same values of K and C may be 
tried with the other combinations of num- 
bers within this same half-decade number 
complex. They will be found to satisfy the 
conditions of the problem, providing the 
correct solutions. 

It is felt that the scope of both tables is 
sufficient to allow the reader an inkling of 
the relationships and interplay of the num- 
bers as applied to this treatment. It is 
hoped that, aside from the purely me- 
chanical aspects of this system, sufficiently 
provocative material has been here pro- 
vided to stimulate further investigations 
of our number system. 
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Complex numbers and loci 


LEROY C. DALTON, Wauwatosa Senior High School, 


Wauwatosa, Wisconsin. 


Graphing in the complex plane is a technique 
for improving background in complex numbers as well as 
for review of important algebraic processes. 


THE FACT THAT THE GRAPH of the locus of 
(1) |z—2i| =|32+1], (2)|z2+2| +]z2—2:| 
=6, and (3) |z—3|>|z+37| in the 
complex plane, is a circle, an ellipse, and 
a half-plane respectively has interested 
students in second-year algebra. 

When college preparatory students are 
grouped according to ability in mathemat- 
ies, it becomes necessary to enrich the cur- 
riculum for the upper-level groups. For the 
upper-level grouping in second-year alge- 
bra, it has been found that the usual 
coverage of complex numbers might be 
supplemented by a unit on the graphing of 
loci which result from the absolute value 
of complex numbers appearing in equa- 
tions. The writer has prepared such a unit 
and has taught it to an upper-level group 
in second-year algebra in Wauwatosa 
Senior High School. 

The nature of this material requires 
that the student shall have had the usual 
second-year-algebra curriculum on com- 
plex numbers and also a unit on conic sec- 
tions graphed in the Cartesian plane. 

The unit on complex numbers and loci 
was prepared because it is believed that 
the material provides an opportunity for 
the student to review and to get a deeper 
understanding of many concepts and 
processes studied in his previous work in 
mathematics. These concepts and proc- 
esses include: (1) complex numbers and 
the complex plane, (2) conic sections, 
(3) graphs of straight line, circle, parabola, 
ellipse, hyperbola, equilateral hyperbola, 


portions of the plane (graphs ef inequali- 
ties), (4) completing the square, (5) alge- 
braic loci, (6) operations on inequalities 
and the solution of inequalities, (7) abso- 
lute value, (8) radical equations, (9) 
squaring binomials, and (10) factoring. 
The unit on complex numbers and loci 
was developed in the following manner. 
Complex numbers are numbers of form 


x+iy 


where x and y are real numbers. z will be 
used to denote a complex number, thus 


z=xr+1y. 


When writing complex numbers in this 
way, it can be shown that there exists a 
one-to-one correspondence between com- 
plex numbers and ordered pairs of real 
numbers (zx, y). Since the Cartesian plane 
is made up of ordered pairs of real num- 
bers, each complex number can _ be 
uniquely represented graphically by a 
point in the Cartesian plane. Thus the 
complex number 3+ 42 is uniquely repre- 
sented in the Cartesian plane by the 
point (3, 4), as seen in Figure 1, page 230. 
When the Cartesian plane is used in this 
way, it is referred to as the complex plane 
or z-plane. The figure in which complex 
numbers are plotted is called the Argand 
diagram. 

In the number z=x+iy, when y=0, 
then z=2+7-0=2z+0=2, which is a real 
number. The only place in the complex 
plane where y=0 is the z-axis. It can be 
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(3,4) OR 344; 








Complex plane 
Figure 1 


said that all points on the z-axis represent 
real numbers and that all real numbers can 
be represented as points on the z-axis. 

In a similar way, in the complex number 
z=x+iy, when rx=0 and y#0, z=0+1y 
=iy, which is a pure imaginary number. 
The only place in the complex plane where 
x=0 is the y-axis. It can be said that all 
points on the y-axis except (0, 0) repre- 
sent pure imaginary numbers and that all 
pure imaginary numbers can be repre- 
sented as points on the y-axis. 

The rest of the complex plane is made 
up of complex numbers z=2x+iy where 
x#0 and y0, shown in Figure 2. 





Y 

Z=X+iY 
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ax 
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as 
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z= X-iY 








Complex plane 
Figure 2 


When z=2+1y, we write 
x = Re(z) =real part of z. 
y = Im(z) =imaginary part of z. 
r=|z| =absolute value of z, some- 
times called the modulus of z, 
x—iy=2Z=conjugate of z. 


By the Pythagorean theorem, the |], 
i.e., the length of the vector from the 
origin to point z, is equal to the square root 
of the sum of the squares of the real and 
imaginary components of z. We write 


| 2] = very. 
This algebraic expression for the absolute 
value of z enables us to graph the loci of 
algebraic equations involving the absolute 
value of complex numbers. For example, 
if |z| =1, then we have 


V22+y?=1 by substitution 


and 


+y=1 by squaring. 


Therefore the set of points in the complex 
plane with co-ordinates of z and y, which 
satisfies the condition of the equation 
|z| =1, is a circle with the center at the 
origin and a radius of 1, as in Figure 3. 
In a similar way, loci of other equations 
and inequalities involving complex num- 
bers, such as those given in the first para- 
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graph of this paper, can be determined and 
graphed. Following are the detailed solu- 
tions of the two equations and the in- 
equality appearing in the first paragraph, 
plus other examples with the detailed 
parts of their solutions omitted. 


Example 1. 
|z—2i| =| 32+1) 
| s+iy—2i| = | 3e+3iy+1| 
| e+i(y—2) | =| (Bxt1)+3iy| 
Vit (y—2)*= VBrF1)?+9y? 
a?+(y—2)?=(34+1)?+9y? 
a+y?—4y+4=92?+62+149y? 
8x?+ 6r+8y?+4y =3 


6 _ 4 
s(s+g2)+8("t gu) =3 
3 9 1 1 
a(t 7 2t53) +8(vtt5utG)= 


3+8 : +8 : 
64 16 





The set of points in the complex plane 
which satisfies the condition 


| z—2i| = | 32+1| 


is a circle with radius of 1/37/8 and center 
at the point (—%, —}). 


Example 2. 
| 2+i| +|2—2i| =6 
| e+iyti| =6— | c+iy—2i| 
| r+i(y+1) | =6— | e+i(y—2) | 
Vx?+ (y+1)?=6— Vx*+ (y—2)? 
z?+y?+2y+1= 
36-12 2?+ (y—2)*+2*+y?—4y +4 
6y—39 = —12V/x?+ (y—2)? 
2y—13= 4/08 Fy — 444 


4y?—52y+ 169 = 16(2?+ y?—4y+4) 
4y?—52y+ 169 = 1627+ 1l6y?—64y+64 
1627+ 12y?—12y= 105 
1622+ 12(y?—y) = 105 





16z*+12(y-—) =108 
162? 12 1\? 108 
ar ary, 108 
4 1 1\? 
ae aie a 

7 2 

a (v-5) 

ee 

rs 


The set of points in the complex plane 
which satisfies the condition 


| z+¢| + |z—2i| =6 
is the ellipse, graphed in Figure 4, 
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Figure 4 
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Example 3. 
|2—-3| > | 2+3:| 
| 2+iy—3| > | e+iy+37| 
| ¢—3+iy| > | x+i(y+8) | 
VED > VEE UTS) 
(x—3)*+y?>2*+(y+3)? 
x?—62+-9+y?>2?+y?+6y+9 
—6x>6y 
r<—y. 
The set of points in the complex plane 
which satisfies the condition 


|z—3| >| 2+3:| 





is the portion of the plane below the line 
x= -—y. Figure 5 illustrates this. 
Example 4. 
Re(z)> | z—2| 
4 2 
> +y 
4 





x 


The set of points in the complex plane 
which satisfies the condition 


Re(z)> | z—2| 
is the parabola 
4+y? 
£=—— 
4 


















































Figure 6 


as graphed, and the portion of the plane 
inside the parabola, as shown in Figure 6. 


Example 5. 
|z| <4 
x?+y?< 16. 


The set of points in the complex plane 
which satisfies the condition |z| <4 is the 
portion of the plane enclosed by a circle 
with radius of 4 and center at the origin. 
The points on the circle are not in the graph. 
This can be seen in Figure 7. 








Figure 7 
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Example 6. 
|z—4| —|z| =2 
(v2)? y?_ , 
1 3 





The set of points in the complex plane 
which satisfies the condition 


|z—4| —|2| =2 
is the hyperbola 
on FT . 
1 3 





as graphed in Figure 8. 


Example 7. 
1<|2z+3-2i| <3 
1<(x+3)?+ (y—2)?<9. 


The set of points in the complex plane 
which satisfies the condition 


1<|2z+3—2i| <3 











Figure 8 








Figure 9 


is the portion of the plane included be- 
tween two concentric circles with radii of 
1 and 3, and centers at the point (—3, +2). 
This plane is shown in Figure 9. 


OUTCOMES 


In a test on this material, the question 
“‘What do you feel you have gained from 
the study of this material?’ was asked of 
the students. It was interesting to observe 
that all the afore-mentioned objectives in 
preparing this material for the students 
appeared in their responses to this ques- 
tion. In addition, the idea that it was in- 
teresting to watch the developments in a 
solution of an equation of this type ap- 
peared a number of times in the re- 
sponses made by the students. 

The material described in this paper is 
recommended for the teacher who wishes 
to enrich the curriculum in second-year 
algebra. The writer has observed that the 
study of this material on complex numbers 
and loci not only gives the student a 
better understanding of complex numbers, 
but also gives him a review and a deeper 
understanding of conic sections, various 
kinds of graphs, inequalities, algebraic loci, 
absolute value, radical equations, and 
algebraic processes such as completing the 
square, squaring binomials, and factoring. 
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Word problems or problems with words 


JEROME MANHEIM, Montclair State College, Upper Montclair, 


New Jersey, 


This writer states, “‘With the current emphasis 
on logical analysis and the study of structure the role 
of the ‘word problem’ should be re-evaluated.” 


THE METAMORPHOSIS that ‘word prob- 
lems” have undergone in our lifetime has 
resulted from psychological investigations 
into motivation. Evidence in support of 
the change comes from researchers and 
teachers, whenever they have asked about 
the “here and now” as opposed to the 
“there and then.” Despite this major 
breakthrough, the ‘‘word problem” re- 
mains a generator of fear and frustration 
for many students. This article will be 
concerned with three aspects of elemen- 
tary ‘word problems.” If we cannot make 
them our welcome friends, it is hoped to 
remove at least some of the apprehensions 
traditionally associated with their appear- 
ance. 


REAL AND IMAGINARY WORD PROBLEMS 


We are accustomed to thinking of a 
“word problem” as “a problem with 
words” (excepting, of course, simple direc- 
tions, such as “Solve for x,” or ‘Find the 
roots of the following equations.’’). If we 
ask our students, or ourselves, why such 
a problem is more difficult than a non- 
word problem, we are apt to find the dif- 
ficulty attributed to “the nonmathemati- 
cal nature of the problem.” Ineptitude is 
frequently excused with the reminder that 
the solver is not, after all, supposed to be 
a physicist, social scientist, etc. How good 
or how poor this rationale is will emerge 
later. For the present we will distinguish 
between “real word problems” and “‘imag- 
inary word problems.” 

A “real word problem” is one which 


employs English or other nonmathemati- 
cal language to ask a question about a 
physical (chemical, economical, mathe- 
matical, biological, social, etc.) phenome- 
non, the laws governing the particular phe- 
nomenon being presupposed. The follow- 
ing are illustrative problems. 


1. A train going east was overtaken in six 
hours by one leaving the same place 
two hours later and traveling sixteen 
miles per hour faster. Find the rate of 
each.! 

2. An inductance of 1 henry, a resistance 
of 3,000 ohms, and a capacitance of 
5X10-7 farad are connected in series 
with an e.m.f. of 100e—! volts. If the 
charge and current are both zero when 
t=0, find the current when ¢=0.001 
sec.” 

3. Show that the sum of the roots of a 
quadratic equation with real coefficients 
is real. 


To solve each of these problems we need to 
have prior knowledge about the relation- 
ships governing quantifiable words. In 
Problem 1 the relevant quantities are 
time, distance, and rate; in Problem 2 we 
must ultimately have access to the dif- 
ferential equation that describes the situa- 
tion where the three circuit parameters are 
connected in series with an e.m.f.; in the 


1 J. C. Stone and V. J. Mallory, A First Course in 
Algebra, New Edition, (Chicago: Benj. H. Sanborn & 
Co., 1936), p. 228, Problem 30. 

2H. W. Reddick and Frederick H. Miller, Ad- 
vanced Mathematics for Engineers, 3rd ed., (New York: 
John Wiley & Sons, Inc., 1955), p. 90, Problem 40. 
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last problem our prior knowledge is the 
quadratic formula. In each case, some- 
thing external must be known or deter- 
mined before the problem can be solved. 

An “imaginary word problem” differs 
from a “real word problem” in only one 
respect, the governing laws, those which 
relate the quantifiable words, are explicitly 
enunciated. Here are some examples of 
“imaginary word problems’: 


A. The formula for changing degrees on a 
Fahrenheit thermometer to degrees on 
a centigrade thermometer is 


C=5/9(F —32). 
If F = —22, find the value of C.* 


B. A resistance coil has total resistance R. 
The coil is to be divided into two coils, 
which are then to be connected in 
parallel. If the resistance R., equiva- 
lent to two parallel resistances R; and 
Ro, is given by 

RA 1 


R. Ri Re 
how should the coil be divided to make 
R, a maximum? 

C. The fundamental trantort unit on the 
western hemisphere of the planet 
Jaros is the fratezat; on the eastern 
hemisphere it is the caliope. The frate- 
zat, F, and the caliope, C, are related 
by the formula: 


C=5/9(F —32). 
If F = —22, how much is C? 


A characteristic of these problems, as 
the reader has probably observed by com- 
paring Problem A and Problem C, is that 
their solution is entirely independent of 
word interpretation and, hence, of physical 
meaning. No excuse about lack of training 
in the related discipline is valid in these 
cases. It is important for the student to 
understand this and then to exercise (for 
the particular problem) his prerogative to 

3 J. C. Stone, op. cit., p. 240, Problem 14. 


4J. R. Britton, Calculus (New York: Rinehart & 
Co., Inc., 1956), p. 89, Problem 2. 


invent. After some encouraging, a student 
decided (Problem B) that a resistance coil 
looked like a square. When it was divided 
into two parts and connected in parallel, 
it looked like a corporal’s stripes. Ac- 
tually, these symbols are just as satis- 
factory as the accepted ones; neither looks 
anything like a resistance coil, nor is there 
any reason that they should. 

We propose, then, to dispose of the 
‘{maginary word problem” by deciding 
that it is not really a word problem after 
all. If the nature of such problems is ex- 
plained to students, if they are taught to 
look for and focus on the intrinsic nature 
of the problem rather than the surround- 
ing verbiage, most of the difficulty accom- 
panying this type of problem should dis- 
appear. 

It is true that the dichotomy is not so 
clean as we might wish. If we are willing 
to call the quadratic formula an external 
relationship (Problem 3), then what about 
the laws of arithmetic and algebra neces- 
sary to the solution of all the problems? 
These are not explicitly stated, and yet 
they are necessary. A practical means of 
resolving this semantic difficulty is to 
differentiate between language, axioms, 
and methodology on the one hand and de- 
rived results on the other. If a student does 
not know the language and rules of alge- 
bra, he probably should not have been 
exposed to the problem in the first place; 
if he does, our distinction is unambiguous. 


THE TECHNICAL MECHANISM 
OF SOLVING WORD PROBLEMS 


If we have a “real word problem,” then 
it is given entirely in the nonmathematical 
language (e.g., Problems 1 and 3 on page 
234), or it is easily transcribed into this 
language (e.g., Problem 2). The laws rele- 
vant to the solution can be similarly ex- 
pressed. It is, however, the transcription 
from the nonmathematical tongue to the 
mathematical one that we seek, and since 
this is generally the more difficult, it is 
reasonable to inquire into the reason for 
the choice. 
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The reason we transform the expression 
of the problem from the nonmathematical 
tongue (e.g., English) to the mathe- 
matical tongue is that we have greater 
manipulative facility in the latter area. 
In fact, within mathematics itself we often 
effect transformations to facilitate solu- 
tion. A problem that is presented in one co- 
ordinate system may be transformed to 
another. If the problem is topological in 
character, areas may be transformed into 
points, etc., as in the classical solution to 
the K6nigsberg Bridge problem. In dif- 
ferential equations we introduce operators 
because they assume an algebraic role, and 
we are more at home with algebra than 
with differential equations. 

After the problem is solved in the trans- 
form language, we translate back into the 
original tongue to exhibit the answer. 

Viewed another way, what is involved is 
a double mapping. The problem originally 
given in one space (e.g., English) is 
mapped into another space (mathematics). 
Transformations within this latter space 
are made according to established rules. 
At the proper point the inverse mapping, 
from the mathematics to the English (or 
the x’ to the z, or the algebra to the solu- 
tion of the differential equation), is 
effected. 

This tells us why we use mathematics 
to solve word problems; it doesn’t tell us 
how to express the problem mathe- 
matically. 


OBTAINING THE SOLUTION 


If all goes well, then the chronology for 
solving a word problem will read: 


1. The problem is understood. 

2. The laws relevant to the situation are 
selected. 

3. The general laws in statement 2 and the 
corresponding ‘‘words” in statement 1 
are made to interact in order to get 
mathematical expressions that are map- 
pings of the word data. 

4. The mathematical symbols are manipu- 
lated according to an accepted meth- 
odology. 


5. The manipulation ceases when trans- 
formation of the solution is obtained. 

6. The.inverse mapping occurs, and the 
answer is exhibited. 


A number of things may happen which 
can disrupt or delay this program. Numer- 
ous writers have discussed problem solving 
in general. We shall restrict our examina- 
tion to some difficulties that arise spe- 
cifically from the word nature of the 
problem. 


Choosing the laws relevant to the situation 


For definiteness of approach we will 
focus on the train problem on page 234, 
though the discussion has general appli- 
cability. We really have two problems here: 
how do we select a law for consideration, 
and how do we know when to cease looking 
for more laws? 

As we read over the problem, those 
words that are amenable to quantification 
are selected; these are clearly distance, 
time, and rate. (We may have some am- 
bivalent feelings about the word “east’’ 
because this refers to direction, a concern 
that is frequently relevant to a problem. 
This shall be kept in mind.) We now cast 
about, among our store of preinformation, 
for laws relating some or all of the quanti- 
fiable words. Either we know that “dis- 
tance = (rate)(time),” or we don’t. If the 
formula is entirely foreign to us, i.e., it is 
not part of our preinformation and is not 
derivable from known data, then we will 
not solve the problem, and the excuses 
based upon the nonmathematical char- 
acter of the problem are clearly valid here. 
If, on the other hand, we know the for- 
mula, then we have forfeited all rights to 
this excuse, as we shall see later. Assuming 
that we do know the formula, we lay it out 
(write it down) for consideration. This 
answers the first part of our question. 

We must next decide when to stop look- 
ing for formulas relating the quantifiable 
words. There is no complete set of uni- 
versal rules here, but there are useful sug- 
gestions. In the first place, we want enough 
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laws exhibited so that all the relevant 
quantities are mentioned at least once. We 
have a law relating distance, time, and 
rate; at this point, we must make up our 
mind about “east.’’ Although it is possible 
to develop a metarule that will tell us 
about the necessity of including a rule 
about a direction, it will be of limited ap- 
plicability; it will not resolve correspond- 
ing difficulties that arise in other problems, 
where “hotter,” “richer,” “heavier” oc- 
cupy the questionable role. Nonetheless, 
the decision must be made. Assuming the 
absence of a semantic problem, the de- 
cision about the relevance of a word is es- 
sentially a mathematical one. ““How does 
the word ‘east’ affect the structure of the 
problem?” Once we have decided that 
“east” is a mathematical dummy, we will 
be in a position where all the relevant 
words in the problem that are concerned 
with magnitude appear in the chosen set of 
law(s)—in this case, “D=rt.” Although 
this fact does not, of course, guarantee 
that we need not seek additional governing 
laws that are external to the problem, it 
suggests that we may have sufficient law(s) 
for the problem. Barring prior familiarity 
with the problem type, we won’t know 
whether or not we need additional rela- 
tionships until we have proceeded further 
with the problem—either solving it, in 
which case it is clear that we had employed 
sufficient law(s), or failing of a solution in 
a manner indicating that we need addi- 
tional relationships. 

Generally speaking, we should proceed 
with the solution as soon as we have suf- 
ficient laws to relate all the relevant words. 
For, in most elementary problems where 
not enough laws have been used, the evi- 
dence for this will appear early in the at- 
tempted solution in the guise of a deficient 
set of equations. The alternative choice of 
seeking additional relationships can be 
dangerous, especially for the novice. The 
main danger is that laws not independent 
of the preceding ones will be chosen. For 
example, in the present problem the solver 
might propose 


distance 
rate =—__—_ 
time 

as a new relationship. In the absence of 
error, he is then likely to show that 
distance = distance or 0 =0, a tribute to his 
impeccable arithmetic but of zero value to 
the problem at hand. 


Instances of the laws 


The next step is the interaction between 
the statement of the problem and the 
law(s) that have been selected. This gen- 
erally means that special instances of the 
law(s) are exhibited to reflect the particu- 
lar conditions of the problem. These are 
adjoined to the set of equations that are 
mathematical expressions of the relation- 
ships enunciated in the statement of the 
problem. If we let subscripts distinguish 
the two trains, this latter set of equations 
is: 


D2=D, 
r2=73+16 
t4,=6 
t2=4. 


After making the substitutions in the law, 
the following set of equations can be added: 


D, = 736 
Dz2=(r:+16)4. 


The technical operations 


It is now time to manipulate. As every 
teacher knows, blind manipulation is not 
mathematics and will seldom lead to the 
solution. Even more important in mathe- 
matics than knowing how to do something 
is knowing what you want to do in the first 
place. If the present problem has been 
understood, the student knows that he is 
seeking values for r: and rz. His manipu- 
lation must proceed towards this end, and 
his proficiency in achieving the goal is a 
measure of his manipulation ability. 


Exhibiting the answer 


If the solver knows where to stop the 
manipulation, it is only because he has the 
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interpretation of the symbols constantly 
before him. There will not be any problem 
concerning the inverse mapping, i.e., once 
he has decided that he is going to cease 
manipulation, when he has expressions for 
ry and re: 


71=32 
r2=48, 


he will have no difficulty in stating: ‘“The 
velocity of the first train is 32 miles per 
hour, and the velocity of the second train 
is 48 miles per hour.” 

The above treatment undoubtedly has 
limitations. For one thing, not every prob- 
lem is as amenable to analysis as the illus- 
trative example. Variations and failures 
will occur. But the author has successfully 
employed the general approach to reduce 
the tensions usually associated with ‘“‘word 


problems.” It is not proposed that the 
teacher should discuss psychology or 
mappings with an elementary algebra 
class. However, much of the apprehension 
that ‘‘word problems” induce can be dis- 
sipated if the essential nature of word 
problems is discussed: (a) when they are 
“word problems” and when they aren’t; 
(b) when they become problems that re- 
quire proficiency in the discipline of math- 
ematics and cease, thereby, to be problems 
of physics, economics, sociology, etc.; and 
(c) what kinds of decisions the potential 
solver must make that are not required in 
a nonword problem. With the current em- 
phasis on logical analysis and the study of 
structure, the role of the “word problem” 
should be re-evaluated. Carefully pre- 
sented, it can be a ready complement to 
this emphasis, an ample justification for 
its retention. 





Letter to the editor 
Dear Editor: 


The following alternate solution to a prob- 
lem discussed by Professor Lewis in the Novem- 
ber, 1960, issue of THe Matuematics TEACHER 
might be of interest. 

Problem: Find alli of the ways a dollar can 
be changed into 21 coins. 

Let P, N, D, Q, H denote the number of 
pennies, nickels, dimes, and half dollars, re- 
spectively. Then P is a positive integral multiple 
of 5 and it is easy to see that P must be less than 
20. We treat four cases as follows: 


P= 0 5 10 15 

(1) N+D+Q+H= 21 16 11 6 
(2) 5N+10D+25Q+50H=100 95 90 85 
(3) N+2D+5Q+10H= 20 19 18 17 
(4) D+4Q+9H=-1 3 7 
from (1) and (3). 


P =0 is impossible since D+4Q+9H = —1 is im- 
possible. 

P=5 implies [using (4)] that H=Q=0, D=3, 
and [using (1)] N =13. 

P=10 implies that H =0 and Q=0 or 1. If Q=0, 
then D=7, N =4. If Q=1, then D=3, N =7. 

P=15 implies that H=0 or 1. If H=0, then 
Q=2. [HW =Q=0 would imply D=11; H=0, 
Q=1 would imply D=7. These are impos- 
sible in view of (1).] If H=0, Q=2, then 
D=3, N=1. If H=1, then D+4Q=2 and 
Q=0, D=2, N=3. 


The five ways to change a dollar into 21 coins 
are tabulated as follows: 


P N D Q H 
5 13 3 0 0 
10 4 7 0 0 
10 7 3 1 0 
15 1 3 2 0 
15 3 2 0 1 


This brings to mind a problem which I first 
met and solved as a ninth grader. A farmer 
bought 100 animals consisting of cows, pigs, and 
sheep—one or more of each—for a total of 100 
dollars. If cows are 10 dollars each, pigs are 3 
dollars each and sheep are 50 cents each, how 
many of each did the farmer buy? 

Let C, P, and S denote the number of cows, 
pigs, and sheep respectively purchased. Then 


C+P+S =100 
100 +3P+4S =100 
200 +6P +S =200 
19C +5P =100 
19C =5(20—P). 
Then 19C is a multiple of 5, 19C< 100, and it fol- 
lows that C=5, P=1, and S=94. And so the 
farmer bought 5 cows, 1 pig, and 94 sheep. 
Sincerely yours, 
LAWRENCE A. RINGENBERG 


Eastern Illinois University 
Charleston, Illinois 
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Analysis of a spider nomograph 


JAY M. JEFFERY, Charles F. Brush High School, Cleveland, Ohio. 
An additional analysis of the spider nomograph 
published in a previous issue of this journal. 


THE RECENTLY DESCRIBED “‘spider’’ nomo- 
graph* is a convenient device for solving 
reciprocal sum equations. By means of 
analytic geometry, it can be demonstrated 
that an equation like 1/a+1/b=1/c may 
be expressed by such a diagram. In addi- 
tion, this approach provides a means for 
determining the angles and unit lengths of 
other nomographs of the same type, which 
also solve reciprocal sum equations, but 
do so with an expanded answer scale. 

The first problem then is this: Is it possi- 
ble to represent the equation 1/a+1/b 
=1/c by a “spider” nomograph (Fig. 1) 
whose legs form 60° angles and whose units 
are all equal but are of arbitrary length? 
To answer this question, the initial step 
is to construct a mathematical model in 
the zy-plane. In Figure 2 the nomograph 
consists of three legs: OA, OD, and OC. 
The “spider” has been placed so that the 
intersection of the legs is at origin, and 
line OA lies along the X-axis. The line AC 
represents a straightedge placed on points 
A and C, cutting OD at point B. Angles 
aand @ are restricted in the following ways: 
0°<a<180° and 0°<8<a. The length 
of OA equals a. The length of OC equals b. 
Both a and b are arbitrary positive values. 
Points C and D could, of course, be in 
quadrants I or II, depending on the choice 
of angles. 

Second, the co-ordinates of the points A, 
B, C, and O are to be determined. They 
may be found for points A, C, and O by 
inspection. Point A is (a, 0). Point C is 
(b cos a, b sin a), and point O is (0, 0). 

* Lowell T. Van Tassel, ‘‘Notes on a ‘Spider’ 


Nomograph,” THe Matuematics TEacHer, LII, 
(November 1959), 557-559. 








Figure 1 


Finding the co-ordinates of point B is 
more difficult and is tantamount to solving 
the problem. To do this, the equations for 
the line through points O and D and the 
line through the points A and C are deter- 
mined. Then, these equations are treated 
as a pair of simultaneous equations, and 
they are solved for the intersection point 
B. As a result, the distance from point O 
to point B is equal to the x-co-ordinate of 
the point B divided by the cos 8. This 
distance on the line OD represents the 


~< 





~ X 





Figure 2 
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solution on the nomograph and should be 
the length c. 

By inspection, the equation for the 
straight line through points O and D is 


(1) y=2 tan B. 

The equation for the straight line 
through points A and C is found by means 
of a basic formula of analytic geometry 


which requires that two points of the line 
be known. Thus, the line is 


(2) (6 sin a)z+(a—b cos a)y=ab sin a. 


By substitution, equations (1) and (2) 
become 


ab sin a 





(3) 


[= , 
a tan 8+b(sin a—cos @ tan £) 

which may also be written 

ab(sin a/tan 8) 


” ~ @-+b(sin a/tan B—cos a) 





(4) 


The distance OB is now obtained by 
dividing the z-co-ordinate by the cos 8. 
Thus, 


ab(sin a/sin £) 


~ @-+b(sin a/tan B—cos a) 





(5) OB 


For arbitrary choices of a and 8 within 
the given limits, if OB =c, then 
abE 


6 = ’ 
(6) oot OF 





where £ and F are constants, and E=sin 
a/sin 8, F=sin a/tan8—cos a. 

If E=F =1, then statement (6) becomes 
c=ab/(a+b) or 1/a+1/b=1/c. Also, sin 
a/sin 8=1 and sin a/tan 8—cos a=1. The 
attempt to solve the two trigonometric 
equations yields the solution a= 120° and 
8=60°. Hence, the desired results have 
been obtained. 

Suppose now that a more expanded 
linear scale is desired on line OD (Fig. 2). 
This may be accomplished by choosing a 
larger value for the constant Z in equation 
(6) and a value of 1 for F. Equation (6) 
then becomes 
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Figure 3 


(7) abE 
F a+b 
It is clear from equation (7) that the 
length of each c isincreased by the factor E. 
The value of Z must be greater than 1 to 
achieve any useful expansion of the scale. 
However, £ must be less than 2. If Z=2, 
then a=8=0°, and the “spider” is gone. 
If E exceeds the value 2, then real values 
for a and 8 cannot be determined. 
A convenient choice for E is the square 
root of 3. If E=+/3, then 


8) sina _ Va 


sin B 





Also, since F=1, then 


sin a 


(9) 





—cosa=1. 
tan 6 

In solving equations (8) and (9), the result 
is that a=60° and B=30°. Thus, a 
“spider” nomograph may be drawn on 
which the unit lengths of the central leg 
have been expanded (Fig. 3). The expan- 
sion permits a greater degree of accuracy 
in reading answers. Also, the choice of 
E=-¥/3 allows construction of the nomo- 
graph by compass and straightedge. The 
unit lengths on legs a and b are arbitrary 
and equal. The units on ¢ are equal to the 
square root of three of the units used on 
a and b. 
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@ EXPERIMENTAL PROGRAMS 


Edited by Eugene D. Nichols, Florida State University, Tallahassee, Florida 


Summer seasoning at Kenyon College 


by Daniel T. Finkbeiner, Kenyon College, Gambier, Ohio 


INTRODUCTION 

A learned nonagenarian of my acquaint- 
ance never lost his interest in gardening; 
his acreage shrank steadily with advanc- 
ing years, but he took pleasure in cultivat- 
ing at least an herb garden. “In youth,” 
he would quote, “a man sows wild oats. 
Later on, he grows sage.”’ 

Our society, it seems, is accustomed to 
permitting its youth a reasonable portion 
of wild oats, but only recently has serious 
attention been given to the choice of 
spices and herbs to flavor the educational 
menu of even our most promising young 
scholars. Indeed, much of the recent de- 
bate within American education has fo- 
cussed upon the basic ingredients which 
constitute a hearty, substantial, and bal- 
anced diet for the full development of the 
mind and spirit of our future leaders. It is 
not my purpose here to enter that con- 
troversy nor to prescribe a recipe for sec- 
ondary education. Rather, I seek merely 
to describe an educational experiment, the 
object of which was to capture the flavor 
of mathematics and to whet the appetites 
of students who had already demon- 
strated unusual digestive capacities. 

Although public sentiment in support of 
curricular revision is commonly ascribed 
to post-Sputnik alarm, several large-scale 
programs of academic enrichment have 
been developing during the past decade. 
Consequently, the educational community 
was prepared to respond immediately and 
constructively to the newly aroused pub- 


lic desire for excellence in American edu- 
cation. When more funds, both public and 
private, were pledged to the goal of ex- 
cellence, there was no lack of sound experi- 
mental programs which had been devel- 
oped successfully in pilot studies and were 
ready for expansion to national propor- 
tions. Particularly in mathematics special 
programs had been developed by the Ford 
Foundation’s School and College Study 
for Admission with Advanced Standing, 
the College Board’s Commission on Math- 
ematics, the Mathematics Association’s 
Committee on the Undergraduate Pro- 
gram, the National Science Foundation’s 
School Mathematics Study Group, and 
many others. 

One of the most promising new experi- 
ments is the National Science Founda- 
tion’s Summer Science Training Program 
for High Ability Secondary School Stu- 
dents. Broadly conceived, this program is 
designed to provide the superior high 
school student with tuition-free summer 
education in science beyond the scope of 
the normal high school curriculum. During 
1960 grants were awarded under this pro- 
gram to 137 institutions, offering a variety 
of unusual learning opportunities to over 
7,000 boys and girls. Lengths of the 
courses ranged from three to ten weeks; 
some proposed study in a single science, 
others in several; some were residential 
programs, others for commuting students 
only. 

The institute which I describe here was 
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an intensive, four-week residential pro- 
gram in mathematics conducted at Ken- 
yon College. Our principal aim was to 
stimulate imagination and creativity, par- 
ticularly in mathematics. Since its rural 
location in central Ohio makes Kenyon an 
unusually attractive place for uninter- 
rupted summer study, we felt that we 
could best accomplish our aims in a short, 
concentrated course, allowing the stu- 
dents enough time after the program for 
vacationing and further independent ex- 
ploration of mathematics. 


SELECTION PROCEDURES 


Well aware that such a program could 
be effective only if we brought an excep- 
tional student body into close contact with 
experienced and able teachers, we sent an- 
nouncements and application materials 
directly to the chairmen of mathematics 
departments in 900 secondary schools in 
the northeast quadrant of the nation, ask- 
ing them to nominate any student who 
had truly exceptional promise as a mathe- 
matician. Application forms were mailed 
also to nearly 500 individuals who had 
learned of our program through the N.S.F. 
announcement or through the public news 
media. 

Each applicant was required to submit 
a completed application form and to ob- 
tain two letters of recommendation, one 
from a mathematics teacher and the other 
from a teacher of science, English, or for- 
eign language. Transcripts, test scores, 
and other supporting evidence were sug- 
gested but not required. A scholarship 
form, indicating the degree of financial 
need and signed by a parent, was required 
from any applicant who requested funds 
for the support of part or all of his costs 
for room, board, and travel. To assure that 
benefits of the program would be trans- 
mitted to the high school classes by the 
participants, graduating seniors were de- 
clared ineligible. 

Completed applications and all sup- 
porting data were received from 352 stu- 
dents in 31 states; three-fourths of the 


candidates were boys. Selection was based 
upon careful evaluation of the applica- 
tions by a committee of three mathema- 
ticians, with major weight being given to 
the teachers’ letters of recommendation 
and evidence of unusual mathematical ac- 
tivity and intellectual vigor. Test scores 
played a secondary role. As expected, 
nearly every candidate ranked in the up- 
per tenth of his class; transcripts generally 
were covered with A’s and did not serve 
to discriminate between degrees of excel- 
lence. The committee screened all appli- 
cations to obtain a group of 130 finalists. 
A second screening produced lists of 50 
participants and 50 alternates. Even- 
tually, 38 boys and 13 girls from 20 states 
attended the program; there were 39 
juniors, 11 sophomores, and 1 freshman. 


ACADEMIC PROGRAM 


In order to challenge these extremely 
able and well-prepared students, we 
planned a very demanding academic pro- 
gram, prepared to reduce the pace if neces- 
sary. It was a pleasant surprise to learn 
that we had not overestimated these stu- 
dents, and we actually supplemented our 
original syllabus, covering in four weeks 
material which is fully equivalent in con- 
tent and rigor to the first-year course for 
nonscience students at Kenyon. 

The teaching staff consisted of two Ken- 
yon mathematicians (Wendell D. Lind- 
strom and myself) and two secondary- 
school mathematics teachers (Donald H. 
Byerly, now of the Westtown School, and 
Miss Maita Levine of Woodward High 
School in Cincinnati). Both had previous 
experience with the Advanced Placement 
Program and N.S.F. Summer Institutes 
for teachers. In the Kenyon program they 
served as resident counselors in the two 
dormitories, conducted scheduled study 
sessions, and instructed informally at all 
hours of the day and night. The college 
teachers were responsible for class lec- 
tures, independent study, and conferences 
during periods reserved for supervised 
study. 
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A typical daily schedule included two 
hours of course lectures in the morning 
and a two-hour, supervised study session 
in the afternoon, followed by a two-hour 
period for recreation. Three evening hours 
were reserved for independent study and 
special events. Classes met six days a 
week, but the supervised study session 
was omitted on Saturday. For the morn- 
ing lectures, the group was divided into 
two sections which were taught in parallel, 
with one college and one high school 
teacher assigned to each class. In order 
that all staff members could observe all 
students, the high school teachers alter- 
nated sections weekly, and the college 
teachers exchanged sections after two 
weeks. 

In selecting the mathematical content 
of the course, we established several cri- 
teria: it should not duplicate work which 
would normally be elected by these stu- 
dents in high school or college; it should be 
good mathematics, providing insight into 
basic ideas and fundamental methods of 
thought; it should be fresh and stimulat- 
ing, suggesting interesting topics and 
problems for further independent investi- 
gation. The program which we actually 
developed can be described under six cate- 
gories: 


1. The central course included formal logic, 
set theory, probability theory, and 
matrix algebra. This material com- 
prises the first five chapters of Intro- 
duction to Finite Mathematics by Kem- 
eny, Snell, and Thompson, which we 
used as a text, supplemented accord- 
ing to the interests and abilities of the 
class. Daily problem-assignments were 
given and solutions were written in 
problem notebooks which were read 
once each week by the staff. 


2. Special staff lectures were presented as 


follows: three hours on group theory; 
three hours on set-theoretic formula- 
tions of relations, functions, operations, 
and abstract systems; one hour on 
finite geometry. 


3. Guest lectures were presented by visit- 
ing mathematicians and included two 
hours on Boolean algebra, one hour on 
foundations of analysis, one hour on in- 
formation theory, six hours on machine 
computation and programming, includ- 
ing observation of an IBM 650 in 
operation, solving a problem which had 
been programmed by the class. 


4. Student talks were presented on topics 
of independent study: combinatorial 
topology, Diophantine equations, basic 
language programming for the IBM 
650, inversion and linkages, and non- 
Euclidean geometry. 


5. Written reports on at least two topics of 
current mathematical research were re- 
quired of each participant as a special 
assignment intended to acquaint him 
with the nature and diversity of modern 
mathematics. Each student was asked 
to begin by reading recent issues of 
Mathematical Reviews, selecting topics 
of interest to him. He then was to use 
the mathematics library to find intro- 
ductory treatments of these topics and 
to write a concise synopsis of what he 
had learned. Although this assignment 
met with initial dismay and confusion, 
enthusiasm soon developed. Many stu- 
dents commented that this proved to 
be one of the most valuable experiences 
of the program, and the quality of their 
reports supports this opinion. 


6. Kenyon Faculty lectures on nonmathe- 
matical topics were scheduled to pre- 
sent a diversity of intellectually chal- 
lenging ideas. Each lecture was fol- 
lowed by a period for discussion and 
argument. Titles included ‘‘Is America 
a Political Failure?’’, ‘‘The Van Allen 
Belts,” ‘Science and Poetry,” and “La 
Chimie dans |’Espace.” 


EVALUATION PROCEDURES 


Hoping to create an atmosphere of nat- 
ural curiosity and independent thought, 
we told the students at the beginning that 
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the program was intended as an experience 
in learning, free from the specter of exami- 
nations and grades. This was a calculated 
risk, but we assumed that each member of 
this exceptional group was sufficiently 
motivated by intrinsic interest in mathe- 
matics. It is gratifying that our assump- 
tion was justified; with only a few excep- 
tions, a high level of interest and perse- 
verance was maintained throughout the 
course. In lieu of grades the staff in con- 
ference wrote a summary report on each 
student, based upon our observations of 
his initiative, originality, ability, tenacity, 
and progress. 


IN RETROSPECT 


Almost any academic program is guar- 
anteed success when the class is composed 
of unusually talented, enthusiastic, and 
serious young people. In contrast, any 
program which seeks to arouse creative 
thought and independent study can never 
claim unqualified success. In these con- 
cluding remarks I shall try to evaluate 
various aspects of our program and to 
suggest changes which might have brought 
our efforts somewhat closer to our in- 
tended purpose. 

Our admissions procedure seems to have 
been successful. The students who at- 
tended were bright, eager, and likable; 
they quickly established a strong esprit de 
corps and enjoyed living together and ex- 
changing disparate views. Undoubtedly 
there were other applicants, equally capa- 
ble, who were not chosen in our top fifty 
because of the extreme difficulty of dis- 
tinguishing between excellent students 
from all over the nation, often with con- 
trasting backgrounds of educational op- 
portunity. We chose to rely heavily upon 
the opinions of teachers who responded 
candidly to our request for a frank ap- 
praisal of the quality of mind of the candi- 
date, describing weaknesses as well as 
strengths. 

Likewise, we feel that the topics se- 
lected for study had the qualities which 
we wanted—basic mathematical content 
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with a modern flavor and freshness, capa- 
ble of being treated intuitively at first 
and with increasing abstraction as the 
course progressed. The special lectures by 
members of the staff, visiting mathemati- 
cians, and Kenyon professors in other sub- 
jects successfully relieved the central 
course and introduced a welcome variety 
of challenging ideas in mathematics, liter- 
ature, and political philosophy, as well 
as in science. 

The decision to stress learning rather 
than grades was correct, we feel. In a pro- 
gram of this nature grades and academic 
credit should play no part. However, the 
staff agreed that it might have been wise 
to give one written assignment each week 
to be worked individually without help 
and then read critically by the instructors, 
serving as an indication of individual 
progress. 

My greatest source of dissatisfaction 
arises from the conviction that a few of 
these young mathematicians were capable 
of far more independent work and original 
“research” than we were able to develop 
within the four weeks. Perhaps this is in- 
evitable in a short program. I can report 
with strong assurance that I have never 
seen a staff of teachers work so hard, so in- 
tensely with their students, nor have I 
seen classes with more enthusiasm and 
curiosity. Yet, the program would have 
been more effective had we been able to 
direct individual study projects from the 
first day. The student talks, presented in 
the final week, should have been sched- 
uled earlier in order to encourage other 
students to investigate similar topics. Of 
course, the direction of individual study is 
very time-consuming for the staff. Since 
the teachers worked perilously close to 
the point of exhaustion to conduct the 
program described above, a more stren- 
uous effort at individual direction would 
surely have required one additional 
teacher with a broad knowledge of mathe- 
matics. 

In summary, our experience with Ken- 
yon’s first Summer Program in Mathe- 
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matics was most encouraging; we feel that 


st we realized the objectives of the program 
e to a far higher degree than we had thought 
y possible. 

i- The students of this exceptional quality 
= are able and anxious to undertake seri- 
al ous study in mathematics and to originate 
y promising efforts in its creative aspects. 
Po 

ll 

r 





To both staff and students this program 
has been an exciting experiment in educa- 
tion; as this and similar experiments are 
continued and improved, their contribu- 
tions will surely be felt throughout the 
schools and colleges of the country and, 
ultimately, in the strength of the human 
resources of the nation. 


: The high-ability students’ institute 


e 
; at F lagstaff 

3; 

il by J. H. Butchart, Arizona State College, Flagstaff, Arizona 
n 

f Beginning in 1957, Arizona State Col- the traditional course offerings. They 
e lege at Flagstaff has sponsored summer in- —_—- would not receive high school or college 
il stitutes for high school teachers, financed _ credit, and attendance at the institute 
p by the National Science Foundation, but, would not be the basis for omitting any 
- until the fall of 1959, we were unaware traditional course. (The other types of 
+ that the N.S.F. was also interested in of- _ institutes are these in which the students 
r fering extra study opportunities to high — study standard courses for credit and will, 


“ school students. An educator in the 
I Phoenix school system, Dr. Fred Bedford, 
d called our attention to the possibility and 
e urged us to make out a proposal for a 
0 math camp, modeled on the one at Florida 
e State. He reasoned that Flagstaff, with its 
n summer resort climate in the pines of 
a northern Arizona, would have more ap- 
r peal for the gifted students in Tucson and 
\f Phoenix than either of their home cities. 

P Our proposal was, of course, rather care- 
6 fully guided by the directives of the foun- 
0 dation. The math camp was to be of five 
e weeks’ duration, and the thirty boys and 
; girls participating would have just finished 
j their junior year in high school, would 
| have taken math each year, and would 
: have an IQ of 120 or over. Of the three 
types of institutes, we preferred that in 
which the students mainly study material 
which they are not likely to encounter in 














therefore, be given advance placement 
and those in which the participants act as 
research assistants to recognized scien- 
tists, who are seldom, if ever, mathemati- 
cians. ) 

Dr. V. M. Gillenwater, executive dean 
of the college, aided by Dr. Bedford, did 
most of the preparatory work in connec- 
tion with the proposal. I was listed as di- 
rector, but my work was to be only part 
time, as I was to teach in our institute for 
high school teachers. After our proposal 
was accepted, I attended the conference 
for directors at Albuquerque. 

Our principal instructor in the insti- 
tute, Mr. Henry Nicholson, a professor at 
Phoenix College, had been a participant in 
the institute at the University of Kansas 
and had studied the operation of the IIli- 
nois system for teaching secondary stu- 
dents. He had also become an expert in 
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the material presented by Kemeny, Snell, 
and Thompson in Introduction to Finite 
Mathematics. It was difficult to find a sec- 
ond instructor, but we finally secured Mr. 
Robert Broderick, who is responsible for 
supervising mathematics instruction in the 
public school system of Glendale, Arizona. 

The selection of participants was aided 
by Dr. Gillenwater’s foresight in specify- 
ing that only two students should apply 
from the same high school and that appli- 
cations should be forwarded from high 
school teachers or administrators rather 
than from students themselves. This had 
the effect of putting more than half the 
responsibility for the selection of the stu- 
dents on officials familiar with them. 
About 250 students asked for application 
forms, and 95 mailed them in. An impor- 
tant criterion—besides grades, standard- 
ized tests, and testimonial letters,—was 
the student’s own composition on why he 
was interested in attending such an insti- 
tute. Many of these youngsters told about 
their projects for science fairs and stated 
that they hoped to be challenged by meet- 
ing and competing with other superior 
students. . 

Some of the selected applicants had al- 
ready accepted bids from other institutes 
by the time they received ours, but our 
final choice included 8 girls and 21 boys, 
19 of whom were from Arizona and 10 
from elsewhere. The boys were housed in 
a college dormitory under the supervision 
of Mr. Herbert Swanson, a staff member 
of the local college, while the girls lived in 
another dormitory under the supervision 
of Miss Dixie Dozier, a school administra- 
tor from Yuma, Arizona. 

The two instructors started the ball roll- 
ing on the first day by giving the Phoenix 
College placement test for incoming fresh- 
men. This is somewhat more difficult than 
the usual freshman test and is designed to 
indicate whether a student is capable of 
entering directly a course in analytic ge- 
ometry and calculus. The group had a 
median score significantly higher than that 
of the high school teachers in the adult in- 


246 The Mathematics Teacher | April, 1961 











stitute to whom I gave the same test. The 
best score made by a student was 42 out 
of a possible 45, while the best by a 
teacher was 44; but the median for the 
students was 29 and for the teachers 22. 
This may be explained by the fact that 
some of the teachers were from small 
school systems where they had to teach 
mathematics without proper training in 
the field. 

It was inspiring to work with these ex- 
ceptional students. Mr. Nicholson and Mr, 
Broderick conducted two formal class pe- 
riods in the morning, an afternoon session 
with varied subject matter, and an even- 
ing seminar each day. Between periods 
they were accessible for consultation. Reg- 
ular assignments were given and graded. 
In addition, the instructors brought to the 
attention of the students special problems 
from such sources as the Mathematical 
Monthly or the Mathematics Magazine. 
One that stirred up a good deal of interest 
concerned the number of zeros at the right 
end of the expanded form of 10,000! The 
students had evidently read far beyond 
the call of duty, as I found when I pro- 
posed a problem in probability. One stu- 
dent had heard all about it from the Sci- 
entific American. It was a revelation to 
see what such a group can do when there 
is no ceiling set by the average students, 
whose pace determines the speed of the 
ordinary class. They learned about Venn 
diagrams and truth tables easily. 

Each participant had his own project, a 
chart concerning some problem, such as 
in circuit analysis or probability. The col- 
lege conducts a regular Thursday evening 
forum which is usually addressed by an 
outside speaker. The high school institute 
was given the responsibility of presenting 
the program for the forum at its last ses- 
sion for the summer. 

The students found time to prepare 
some very interesting displays, such as a 
comparison between the truth table meth- 
od of analyzing a complicated chain of 
logical statements from Lewis Carroll and 
the same problem simplified by Euler 
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circles. One student presented the problem 
concerning the probability that in a group 
of people two individuals share the same 
birthday. A network of switches with 
lights that went on and off was especially 
well received. 

Flagstaff is located in a very scenic 
area, and the adults responsible for the in- 
stitute thought it would be a shame to let 
the students, especially those from out of 
the state, leave without the opportunity 
to see the natural attractions. A trip to the 
Grand Canyon was arranged, for which 
the students paid for their transportation 
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on the college bus. The counselors and 
director and other interested persons fur- 
nished transportation in private cars to 
Sunset Crater, Lowell Observatory, Wal- 
nut Canyon, and Oak Creek Canyon. Dur- 
ing the last week the whole group enjoyed 
a picnic under ponderosa pines between a 
trout stream and the red cliffs of Oak 
Creek Canyon. 

All in all, we felt that che National 
Science Foundation has the right idea in 
paying half the students’ way so that they 
can receive the benefits from such an in- 
stitute. 


for high-ability high school students 


by Berneice E. Brush and Edith Hunt, Billings, Montana 


For two summers, 1959 and 1960, 
thirty-one mathematically talented stu- 
dents have been able to advance in their 
regular mathematics curricula and, at the 
same time, gain mathematical knowledge 
of topics not usually presented to the high 
school student. Eastern Montana College 
of Education, with the co-operation and 
assistance of the National Science Founda- 
tion, has provided an eight weeks’ sum- 
mer program in intermediate algebra for 
the high-ability high school student who 
has completed his sophomore year. 

The objectives of this program have 
been: 


1. To provide a challenge and a means of 
growth for the student who possesses 
both mathematical talent and interest; 

2. To provide an accelerated program in 

intermediate algebra with stress on al- 





gebraic structure and concepts, so that 
the student may develop a greater un- 
derstanding of mathematics; 

3. To serve as a demonstration class for 
interested secondary-school mathemat- 
ics teachers. 


SELECTION 


Participation in this, a commuting pro- 
gram, was necessarily limited to students 
from the schools in this area. 

Therefore, selection of the student par- 
ticipants was made under the supervision 
of Sister Mary Lenore, Principal of Cen- 
tral Catholic High School; Willard Wal- 
lace, Principal of Billings West High 
School; Charles E. Borberg, Principal of 
Billings Senior High School; and Mr. Ber- 
nard Hughes, Superintendent of Huntley 
Project Schools. This group, at a meeting 
with Director Oliver Peterson, agreed that 
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selection should be based upon general 
aptitude, reading ability, interest in the 
course, mathematical aptitude, mathe- 
matical achievement, and the recommen- 
dation of his mathematics teacher. 


PROGRAM 


The daily program consisted of two 
hours’ instruction in intermediate alge- 
bra, with stress on structure and algebraic 
concepts, and an additional hour of lec- 
ture and discussion of various topics in sci- 
ence and mathematics. 

While the text used by the students was 
Algebra for Problem Solving by Freilich, 
Berman and Johnson, the actual class in- 
struction followed the materials in Inter- 
mediate Mathematics as developed by the 
School Mathematics Study Group. 

Below is an approximate time schedule 
on the topics covered in Intermediate 
Mathematics: 


Chapter 1. The Real Number System 
(Two weeks) 
a. Construction of Number 
Line and Real Numbers 
b. Development of the 
Number System 
ce. Factoring 
d. Order Relations and 
Equivalence Relations 
Chapter 2-3. Linear and Quadratic Func- 
tions (14 weeks) 
a. The Function Concept 
b. The General Linear 
Equation and Systems of 
Equations 
c. Variation 
d. Co-ordinate 
(Brief) 
e. The Quadratic Function 
Chapter 5. Complex Number System 
(One hour for one week) 
a. Development by Ordered 
Pairs 
Chapter 8. Logarithms and Exponents 
(One hour for one week) 
a. Logarithmic and Expo- 
nential Functions 


Geometry 
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Chapter 4. Quadratic Equations (One 
week—two hours) 
a. Methods of Solving 
b. Role of Discriminant 
ce. Reducing Equations to 
the Quadratic Form 
d. The Remainder Theorem 
Chapter 6. Equations of the Second 
Degree (One week—two 
hours) 
a. Parabolas, Circles, the El- 
lipse, and Hyperbola 
b. Solution Sets 
c. Systems of Inequalities. 
Chapter 11. Sequences and Series (One 
week—two hours) 
a. Arithmetic and Geomet- 
ric 
b. Binomial Expansion 
Chapter 10. Permutations, | Combina- 
tions, and Binomial Theo- 
rem (One week—one hour) 
a. Binomial Formula 


In addition, the definition of a field, the 
idea of a one-to-one correspondence, the 
use of counter examples, and deductive 
proofs in algebra were introduced. 

The staffs of the science and mathemat- 
ics departments at Eastern Montana Col- 
lege of Education gave demonstrations 
and lectures during the third hour of the 
daily program. Topics discussed by the 
professors of science included: Genetics, 
Elementary Electrochemistry, Electronic 
Physics with a demonstration of Millikan’s 
Experiment to Measure Planck’s Con- 
stant, and Ecology. The lecture on Ecol- 
ogy was followed by a field trip to a local 
pond to observe and collect specimens. 

Lectures in mathematics covered Sym- 
bolic Logic and Boolean Algebra, Ele- 
mentary Group Theory, Modular Arith- 
metic, Finite Geometry, Matrices, High- 
Speed Electronic Computers, and Statis- 
tics and Probability. Many of these topics 
required from three to seven hours for 
presentation. 

Too, each student was required to do 
some reading and research on some mathe- 
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matical topic. Miss Edith Hunt, assistant pants might be increased if such a program 
instructor, aided the students in finding were available. Also, students from a 


materials and in organizing their papers. greater commuting radius would be ac- 
Several students constructed displays and _—_ cepted. This might mean that there would 
to models as a part of their project. Repre- be changes in the method of selection. 
sentative projects were: Napier’s Bones, The range in IQ’s for the 1960 group was 
m A Simple Computer, Topological Surfaces, from 112 to 140 with a mean IQ of 123. 
nd Geometry of Four Dimensions, Non- The group was given the Co-operative 
vO Euclidean Geometry, Infinity—a Tool of Intermediate Algebra Test at the begin- 
Mathematics, and the History of Mathe- __ ning of the course and again the last week. 
i- matics. The median range in percentile ranks in- 


The group had two field trips during the —_ creased from the 62nd percentile on June 
eight weeks. The first was in connection 13th to the 89th percentile on August 3rd. 


3. with the lectures in ecology, and the sec- |§ The median on the U.S.A.F. College Alge- 

ne ond took them to Montana State College bra—American Council of Education 
to observe the IBM 650 in operation. Test, given on August 5th, was 69. 

t- Professor Peterson’s lectures on Boolean All students felt that the course met or 
algebra followed by Dr. Young’s lectures surpassed their expectations. Following 
on computers gave the participants suffi- are typical comments of students and par- 

- cient information to understand the func- __ ents: 

)- tioning of the IBM electronic computer. “The features of the program I like 

r) most are the speed in which we cover 

OBSERVATION AND FOLLOW-UP things and the extra material we get 


through lectures. I like the fact that we do 
projects the least.” 

“This is the first time some of us have 
really had to work. I think the best part 


Two features of the program deserve 
special mention. First is that of observa- 
tion. Those students enrolled in mathe- 


’ matics courses and any teachers in the : - . 
y . rs of the whole course is having the special 

area could, if they wished, visit the class : 

% : , lectures and meeting people who have 
and observe high school students being aT al - : 

- ; made their life work in some special branch 
taught the materials recommended by the tag 

- Commission on Mathematics of mathematics. 

. 4 . . 
e “This course has been more of a chal- 


The second feature is that of follow-up. 
The board of trustees of each of the par- 
y ticipating schools has approved the course 
and granted one-half credit toward high 
school graduation. Students from Billings 
‘ Senior High School and Billings West High 
School continue as an accelerated group. 
This year, these students will complete 
work in college algebra and trigonometry 
and will take Mathematics 13 as seniors. 
The text presently used in Mathematics 13 
is Introduction to College Mathematics by 
Milne and Davis. 


lenge to me. I feel that I have learned 
more, for there was more theory instead 
of being so mechanical.” 

“As parents of a high school age student 
we appreciate the type of work this class 
has offered. In addition to broadening the 
base for college entrance, it also provided 
training in independent thinking and 
study habits needed by many students 
who plan to enter college. The sampling of 
various scientific subjects will help students 
pick their field with more confidence.” 

Credit for the success of the program 
should go to the two directors, Mr. Ed. 

EVALUATION Dolney and Mr. Oliver Peterson; to the 
The reports on the follow-up would indi- __ visiting professors, Dr. Adrien Hess and 
| cate that the programs have been success- Dr. Young; and to the staff at Eastern 
ful. It is hoped that the number of partici- | Montana College of Education. 








Experimental programs 249 








A research program 






for gifted secondary-school. students 


by Albert Wilansky, Lehigh University, Bethlehem, Pennsylvania 


1. With the support of the National 
Science Foundation, a Junior Research 
Seminar was held at Lehigh University for 
six weeks during the summer of 1960. The 
seminar met from nine to twelve five 
mornings each week. There were 19 boys 
and 6 girls, chosen from almost 200 appli- 
cations. One student had just completed 
9th grade; three, 10th grade; twelve, 11th 
grade; nine, 12th grade. All had at least 
two semesters of algebra and one of geom- 
etry. Selection was on the basis of aca- 
demic record, particularly in mathemat- 
ics; teachers’ comments about the stu- 
dents’ initiative and ability; activities 
such as reading and participation in clubs 
and science fairs; academic honors, both 
local and national; performance in the 
Mathematical Association of America 
contest; performance on_ standardized 
tests. 

All the participants were clearly gifted. 
On 20 transcripts under IQ were listed 
numbers ranging from 123 to 143, with 
130 as median. It turned out that the par- 
ticipants were also gifted in music, ath- 
letics, and leadership. 

There was a lecture each morning from 
nine to nine-thirty. For the remaining two 
and one-half hours, the students investi- 
gated projects which had been outlined in 
the lectures. Some of the more outstanding 
students were given reading material 
which carried them further and suggested 
more topics for investigation, or which in- 
troduced them to topics not mentioned in 
the lectures. But, in all cases, the emphasis 
was on questions. Students who asked 
good questions were praised and even re- 
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warded by mention in the “Proceedings,” 
an informal journal which appeared piece- 
meal on the notice board. The same re- 
ward went to those who achieved inter- 
esting results. As indicated below, the 
questions asked in lectures were usually 
ill-defined. The students had both freedom 
to choose the topic on which they would 
work and responsibility to formulate the 
questions which they would answer. In 
this, I believe, lies the essence of research. 
Very often, two students working on the 
same topic would compare notes and find 
that while one had been solving equations, 
the other had been drawing the necessary 
diagrams. 

From nine-thirty to twelve I inter- 
viewed the students in a separate room, 
mostly one by one, occasionally in groups 
of two or three. In a 15-minute chat they 
told me their activities, and I satisfied 
myself that they had definite plans for the 
immediate future, if necessary making 
suggestions to ensure this. I took notes 
during these interviews. They came to me 
in alphabetical order; hence, I saw each 
student two or three times a week during 
the course of the program. 

Meanwhile, back in the classroom my 
assistant, Mr. I. D. Berg, was available 
for instant discussion. He was approached 
by students as they felt the need. He an- 
swered questions about the lectures, criti- 
cized the students’ work, and made sug- 
gestions. Much of the success of the semi- 
nar was due to Mr. Berg’s judgment, dis- 
cernment, and skill in these contacts. He 
and I listened to each other’s lectures but 
exerted no other influence on each other. 
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The experience was, for us, unique, in- 
tensely stimulating and rejuvenating, and 
infinitely enjoyable. In a closing evalua- 
tion, each student expressed enthusiasm. 

Selected puzzles, mostly from the prob- 
lem section of the American Mathematical 
Monthly, were posted, but not discussed 
in class time. 


2. The topics of the seminar were 
(1) Linearity, (2) Multiplication, (3) Resi- 
due Classes, (4) Group Theory, (5) Miscel- 
laneous. 

Abstraction for its own sake was not 
pursued; when abstractions arose, they 
were studied in the concrete framework in 
which they arose. For example, the class of 
2 by 2 matrices is an algebra. Question: 
Can a matrix have two inverses? Most 
students answered no because they had 
obtained a specific formula for the inverse. 
Only a very few produced the argument, if 
AB=BA=AC=CA#=I, then B=(CA)B 
=C(AB)=C. It was pointed out to them 
that this latter argument held in any alge- 
bra (A list of postulates for an algebra had 
been posted.), several of which had al- 
ready been mentioned. The same is true 
for the proposition, if AB=O and BO, 
then A-' does not exist. On the contrary, 
any proof that AB=I implies BA=I 
must use nonalgebraic properties of ma- 
trices, since there exists an algebra in 
which it is false. The students found some 
such proofs. 

Rigor was not emphasized. If a student 
had good reasons for believing the truth 
of his result, he was not pushed to give a 
proof. Proofs were given in the lectures, 
however. 


3. The lectures on linearity went as 
follows: A point is a pair of numbers; if 
P=(a, b), Q=(e, d), then P+Q is defined 
to be (a+c, b+d); if A, B are sets of 
points, A+B is defined to be the set of 
all P+Q, with P a member of A, Q a mem- 
ber of B: 

Projects: Investigate circumstances un- 
der which A+ACA, A+ADA, A+A 









C2A, A+AD2A, A+A+A=3A, GA 
+bA =(a+b)A, a(A+B)=aA+DA, ete. 

Many of the students had never studied 
analytic geometry, nevertheless, all drew 
axes. Some found before long that 
aA+bA =(a+b)A for all positive, a, b if, 
and only if, A is convex. Others required 
guidance to arrive at this result. When the 
students said, if A contains O, then 
A+ADA, I asked if the converse was 
true. The set A consisting of the positive 
X-axis made its appearance. Some stu- 
dents doubted at first that A+ADA be- 
cause of what they called infinitely small 
numbers; however, the moment these 
ideas appeared they were rejected out of 
hand without a word from me. I seized the 
opportunity to discuss Bishop Berkeley’s 
polemic on infinitesimals. 

A student asked and later answered, if 
A+A=2A, must A+A+A=3A? 

These ideas may be presented in one di- 
mension, if desired, later, in two dimen- 
sions. All the questions about convex, 
linear, and affine subsets of a linear space 
retain their essential difficulty in the two- 
dimensional setting. 

A basis is a pair of points Q, R, such 
that every point P is a linear combina- 
tion of Q and R. Project: Find all bases. 
One girl did this in n-dimensional space, 
n unspecified (but finite). 

The polar A of a set A is the set of all 
(x, y), such that |ax+by| <1 for all (a, b) 
in A. Projects: Find A for A =line, circle, 
etc. (The polar of a circle may be any conic 


section.) Find A. Five students found that 
A is the smallest convex symmetric set in- 


cluding A. One student found that A =A 
if, and only if, A is the union of all sets B, 
such that B= A. 

Linearity, part 2. Matrices: Two-by- 
two matrices were presented with their 
addition and multiplication. It was 
pointed out that the postulates for an alge- 
bra are satisfied. The students painfully 
verified the associative law of multiplica- 
tion, and, hence, were in a good frame of 
mind to see the brief check, a few days 
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later, using summation notation. 

Projects: Find identity for multiplica- 
tion, and right and left inverses for a 
matrix. How many inverses may a matrix 
have? Does a matrix have a square root? 
(This last request generated a lot of ex- 
citement because the staff neglected to in- 
vestigate it in advance.) I asked for “‘the 
four square roots of the identity matrix.” 
Before long, students were reporting more 
than four square roots and soon one of 
them noted that for all a, 


1 a\? 
(1.3) 
o —l 


hence, an infinite number of square roots 
had been found. A student undertook 
without consulting me—I would have dis- 
suaded him—to solve the equation 


& > (° 4 

wz) \e d 

for u, v, w, and x. He succeeded after 
enormous labor, but his results were not 
instructive. I then decided to try it. Let 


D=ux—vw, so that D*?=ad—be. Let 
t=u-+z, the so-called trace. Then 


u v\? ut —-D wut 
(* * 6 xt ae 

Hence, we must solve the equations 
ut—D=a, vi=b, wt=c, zt—D=d. 

Adding the first and last of these yields 
?=a+d+2D, and this gives ¢t, since 
D?=ad—be. Then u, v, w, x are gotten 
from the earlier equations. In most cases 
a matrix will have 4 square roots, but 
sometimes there will be others; for ex- 
ample, if a=d=1, b=c=o0, then D?=1, 
and if we can make D= —1, we get t=o, 
and the equations tell nothing about u, », 
w, x except ux—vw=1, u+z=0. Since 
there are infinitely many solutions to these 
equations, we get an infinite number of 
square roots of J with D= —1. There are, 
however, only two with D=1, since then 
t0, and wu, v, w, x are all determined when 
tis. Several students discovered the matrix 
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ee 

? 
0 0 
which has no square root at all. One last 
remark, to treat u, v, w, x as the unknowns 
in the square root problem leads to an in- 
tractable mess, whereas choosing ¢ and D 
as unknowns made the work simple. I re- 
marked on this and mentioned the quad- 
ratic equation az?+bx+c=0 in which the 
great contribution of the Arabs was to 
treat 


a 
zx —_ 
2a 


as the unknown instead of x. (We shall 
return to the topic of square roots below.) 

By defining A P, with A a two-by-two 
matrix and P a pair of numbers, thus, if 


A=( ' P = (z, y) 
‘aid c ph = (ft, y), 


i) 


then 


ar ={> Gl) 
e adv y cx+dy 
= (ax+by, cx+dy), 
-each matrix becomes a transformation of 
the plane, and since B(AP) =(BA)P, fol- 


lowing one transformation by another is 
the same as transforming by the product. 


carries the point (x, y) to the point (y, 0). 
This trip may be made in two steps, 
(x, y) (0, y)—(y, 0). The first step is per- 
pendicular projection on the Y-axis given 


by 
ea 
e..4 
the second is a reflection in the 45° line 
given by 


(a): 
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A transformation A is called a projec- 
tion if there exists a line L, such that for 
all P, AP lies on L; and for all P on L, 
AP=P. One sees immediately that L 
must pass through O and that there must 
be a line M such that AP=0 for all P on 
M; and for all P, the line joining P to AP 
is parallel to M. We use the terminology 
A=(L, M). 

THEOREM: A its a projection if, and only 
if, A?=A. 

Proof: Let L be the set of all P such that 
AP=P, M the set of all P such that 
AP=0, etc. 

Projects: Given arbitrary L, M, find the 
projection (Z, M). Which projections have 
L perpendicular to M? If A, B are projec- 
tions, under what circumstances would 
AB, A+B, A-—B be projections? 

An illumination is thrown on the cur- 
riculum by the reaction of students to the 
problem, discuss 


Ga) 

4 

Several boys and girls who had studied no 
analytic geometry found that all points on 
the 45° line were left fixed. They then ob- 
served that the point P=(4, 2) was car- 
ried to the point Q=(3, 3). By careful 
plotting, they were led to the conclusion 
that this is a perpendicular projection. I 
said, “Is PQO exactly a right angle?” Typ- 
ical answer, after a long pause, was, “I 
can use Pythagoras’ theorem.” The stu- 
dents then wished to measure the dis- 
tances with a ruler but admitted that this 
also would be approximate. After another 
pause, “I can see that OP?=4?+2?, 
0Q?=3?+3?,” then finally, “To find the 
distance PQ, I can draw a horizontal and 
a vertical line each of length one, and so 
PQ@=1*+12.” The distance formula of 
analytic geometry—produced on need 
without a hint of its existence! One must 


consider the value of teaching it to stu- 
dents of this caliber. 

The Cayley-Hamilton theorem was pre- 
sented as follows: As noted above in the 
digression on square roots, if 


uv 
aa RM 
we 
then 


Ara (™ —D ot )-(¢ e 
~ \ wt at —D/ \wt xt 


Df 
-( ) =ta—pr. 
o. 2B 


Thus, we have A?—tA+DI=0. This 
formula is the Cayley-Hamilton theorem 
for 2X2 matrices. If m, n are roots of the 
so-called characteristic equation 2?—iz 
+D=0 we have (A—mI)(A—nI)=0, 
m+n=t, mn=D. Setting 

A-—mI A-—nI 


) = , 


n—m m—n 





P—7 





we thus have EF=0, E+F=I, nE+mF 
=A. Finally, E and F are projections; this 
is seen as follows: 





1 2 
E*= ( ) (A2—2mA +m?) 
nu—™m 





1 2 
= ( ) (tA—DI—2mA+m?7])=E, 
n—m 


since t=m-+n, and D=mn. This is the 
spectral decomposition of A. Applications 
of it are found in the following formulas: 


A?=(nE+mF)?=nr7E?+nmEF+nmFE 
+mF?=nE+m?F. 


Similarly, A*=n*H+m*F for positive in- 
teger k. It is also true for negative integer 
k; forexample, A(n£+m“"F) =E+F=I; 
hence A“'=n"'E+m"F. The same tech- 
nique yields WnE++/mF as a square 
root of A. 

Concerning square roots of J, it was 
pointed out that A?=TI if, and only if, 
1/2(A +1) is a projection. Since any square 
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root of J is a reflection, this has an obvious 
geometrical interpretation. 

Higher powers of A may also be com- 
puted by means of the Cayley-Hamilton 
formula A?—tA+DI=0, proved above. 
For example, to evaluate A‘, we merely 
divide z* by 2?—itz+D. If the remainder is 
r(z), then A*=r(A). Project: Find all 
matrices with A*=0. Are there any such 
for which A?#0? 

4. We multiply points in such a way 
that the distributive and associative laws 
hold. This can be done in many ways: for 
example, (zr, y)-(u, v) =(xu—yu, zv+yu), 
or (x, y)-(u, v)=(ru, yr), or (x, y)-(u, v) 
=(zru, xv). The last multiplication is not 
commutative. Project: Find all possible 
multiplications. If we set Q,:=(1, 0), 
Q2= (0, 1), then Q7 is a linear combination 
of Q:, Q2 indeed, so is Q,Q,; for all z, 7. Let 
us write 


QQ; = 7. CinQe, 


k=1 


i,j=1,2. 


The multiplication is determined by the 
eight e numbers. The associative law yields 
16 equations, some of which are redundant. 
If the multiplication is assumed to be 
commutative, there are only three equa- 
tions which can be solved explicitly; the 
solutions are not unique, of course. 
Strangely enough, the noncommutative 
case is simpler. 

THEOREM: [f the multiplication is non- 
commutative, for any P, P? 1s a multiple of P. 

Proof: Choose Q so that P, Q are linearly 
independent. Then P?=aP+bQ. From 
P?P=PP? we obtain PQ=QP, unless 
b=0. 

Thus, in the noncommutative case, 
some of the e’s are zero. The final result is 
that the only noncommutative multiplica- 
tions are (x, y)-(u, v)=(ar+by) (u, »v). 
The commutative multiplications do not 
fall into such a neat pattern. 

5. Je is the collection of numbers 
(0, 1, 2, 3, 4, 5), with a+6 and a Xb defined 
to be the remainder after the ordinary 
sum and product are divided by 6. For 
example, 3+5=2, 3K5=3, 2+4=0, 
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3xX4=0. The postulates for a ring are 
satisfied. J; on the other hand is a field, 
that is, a ring in which each nonzero ele- 
ment has a reciprocal (and in which the 
multiplication is commutative). Thus, in 
Js, 2X3=1=4xX4. Thus, 27=3, 47=4 
The set of all elements in J» which have 
a reciprocal form a group under multi- 
plication. Project: Which of them are 
cyclic? The students soon conjectured 
that when P is prime, the group, in this 
case the set of nonzero elements, is cyclic. 
Later, the difficult proof was presented 
that this is indeed true of any finite field. 
A great deal of effort was expended by 
students in computing generators for the 
J» multiplicative groups with m not prime. 
A Diophantine problem is to prove that a 
has an inverse in J,, if, and only if, (a, m) 
are relatively prime. (The theory of linear 
Diophantine equations had been presented 
earlier.) The mysterious behavior of the 
system of linear equations 2+2y=a, 
2x-+y=b was shown, in that in Jy, with 
p a prime other than 3, it has a unique 
solution, while in J; it has none or many 
solutions. The students tracked this down 
to the determinant. 

The students were amused by the fact 
that in J3, x7—x+1=(r+1)? but in J;, 
x?’—2z-+1 is not factorable. They followed 
this topic further and compared it with the 
fact that z?+1 is irreducible over the reals 
but is equal to (x+72) (x—12). 

6. Lagrange’s theorem was given, the 
order of a subgroup is a factor of the order 
of the group. A student conjectured that 
every factor is indeed represented by a 
subgroup. Permutation groups and prob- 
lems in permutations were shown to illus- 
trate the group concept. Several students 
wrote out the multiplication table for the 
set of permutations on four objects. 
Fermat’s and Wilson’s theorems were de- 
duced from Lagrange’s theorem. 

7. Other topics were attacked by vari- 
ous students. These were Egyptian frac- 
tions, Pythagorean triples, finite ge- 
ometry, two-dimensional topology, in- 
equalities. 
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Edited by Howard Eves, University of Maine, Orono, Maine 


The first mathematical dictionary 


The “first mathematical dictionary ever 
published in any language,” according to 
the well-known secondhand bookdealers, 
Henry Sotheran and Co., of London, was 
Moxon’s Mathematicks Made Easie, Or, 
A Mathematical Dictionary, published in 
London in 1679. 

The writer has in his possession a well- 
preserved copy, bound in contemporary 
calf, of the second, or revised, edition of 
this rare pioneer work, published in 
London in 1692. This little volume of only 
231 pages is very fascinating because of 
some of its quaint and confusing defini- 
tions, its unusual spelling, punctuation, 
and capitalization, and especially the light 
it throws on mathematical progress in the 
almost three centuries since it was given 
to the scientific world. 

We find both ‘Mathematicks” and 
“Arithmetick” commonly used. Some- 
times they are personified, either as mas- 
culine or feminine. Plane geometry is al- 
ways “Plain Geometry,” a characteriza- 
tion which geometry students today may 
sometimes wish were true! The use of 
italics is frequent. 

A brief description of this old volume 
and samples of a few of its definitions may 
be of interest to mathematics teachers and 
to student members of mathematics clubs 
today. 

Little is known of the author, Joseph 
Moxon, except the information given on 
the title page, reproduced on this page. 
The dedication of the revised edition, 
signed by James Moxon, says that “it was 
above twelve years since this Book was 
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Mathematicks made Eafie: 
Or, a Mathematical 


DICTIONARY: 


EXPLAINING 
The Terms of Art, and Difficult 


Phrafes ufed in Arithmetick, Geometry, 
Aftronomy, Aftrology, and other Mathema- 


tical Sciences. 


Wherein the true Meaning of, 
the word is Rendred, the Nature of Things | 
fignified Difcuffed, and ( where Need re.| 
quires ) Illuftrated with apt Figures and 
Diagrams. 


With an. 4 P PENDIX, exaétly contain- 
ing the Quantities of all forts of Weights and 
Meafures : The Characters and Meaning of the 
Marks, Symbols, or Abreviations commonly 
ufed in Algebra. Aad fundry other Obfervables. 








‘ 
By Fofeph Afoxon, a Member of the Royal Society, 
and Hydrogr apber to the King’s moft Excellent Majefty. 





The Second Edition, Correéted and much Enlarged by 
Hen, Coley, Teacher of the Mathematicks in Baldwins Gardens. 
LONDON, 
Printed for Ff. Moxon, at the Sign of Arlas in 
Warwick Lane. M.DC XCIL. 


























first Compos’d by my Father,” then 
deceased. 
The dedication reads as follows: 


To the Honourable, CHRISTOPHER SEA- 
TON, Brother to the Right Honourable 
GEORGE Early of Winton, &c. This small 
(but useful) Treatise, is most humbly DEDI- 
CATED. 

Sir, THE Excellency of your Knowledge in 
all kinds of Learning in General, and in Particu- 
lar, that of the Mathematicks, hath embolden’d 
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me to the Presumption of Affixing your Worthy 
Name, as Patron to this Work; It was above 
twelve years since this Book was first Compos’d 
by my Father, and then Dedicated to a Noble 
Patron of this Nation; who are both Deceased: 
And now this Second Edition being Enlarg’d, 
Corrected, and Improv’d; I hope Sir! you will 
not impute it as a Crime in me, that I take this 
Boldness (being incouraged thereunto by your 
(constant Love and Favour)* to Shelter it for 
Protection under your Worthy Name. I hope, 
I need not doubt of your continued Friendship 
and Incouragement. 

The Design of this Treatise, is to Inform 
Young Students in those hard Terms of Art used 
in the Mathematicks, and those Laudable Arts 
appertaining thereunto; and it may be Reason- 
ably hoped, that it will be serviceable also to 
many Persons that have already made Consid- 
erable Progress in those Studies: which in them- 
selves are not only Difficult, and therefore re- 
quire a Tutor, but they are unlimited; for no 
man hitherto did ever arrive to a ne plus ultra 
therein. 

I need not tell you, Sir! that the Mathe- 
matical Arts are grounded only upon those two 
main Pillars, viz. Arithmetick and Geometry, and 
thence are Deduced, and Demonstrated, those 
we call Miz’d Mathematicks, As Astronomy, 
Navigation, Surveying, Dyalling, Optics, Fortifi- 
cation, and many other curious Arts; Now since 
all the World cannot but freely akknowledge, not 
only their Excellency but Utility, therefore they 
are no less worthy of the Study and Industrious 
Acquirements of all true Lovers thereof, which 
will be Advantagious, not only to themselves, 
but to the Publick, as might be copiously Ilus- 
trated. 

But worthy Sir! not to give you farther 
trouble, I humbly crave your Generous Accepta- 
tion of this small Treatise, which jf I obtain, I 
shall then conclude it a Sufficient Protection, 
both of this Work, and my self, from all Jll- 
affected, and Carping Criticks, and may boldly 
adventure this little Bark into the wide Ocean 
of the World, without the least danger of Ship- 
wrack, and Ruine, and thus I shall ever remain 
Honourable Sir! your most humble and obliged 
Servant, James Mozon. 


This dedication, signed by Joseph 
Moxon’s son, is followed by an eight-page 
section ‘“To the Reader,” all printed in 
italics. It reads in part as follows: 


To Expatiate in Encomiums on the Mathe- 
maticks, were to Gild Gold; an Undertaking 
vain and impertinent. This sort of Learning has 
sufficiently justifi’d its Excellency, both from 
the Certainty of its Principles, and Usefulness 
of its Practice, to all Ingenious men... . 

I have taken the pains to Collect and Ex- 


* The three parentheses are in the text, as given 
here. Probably the second one, before ‘‘constant,”’ 
is a printer’s or proofreader’s error. 
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plain the Hard Words, Difficult Terms, and 
Abstruse Phrases used by Authors, in all the 
several Mathematical Sciences, and Branches 
depending thereupon, than which, nothing has 
hitherto more discouraged hopeful Tyro’s from 
Proficiency. But here is offered them a Key, 
that will open to them the Choicest Treasures 
of Urania, and her Sublunary Handmaids. .. . 

If any Errors have been committed in the 
Interpretation let Imbecility of Judgment, or 
Defect of Memory be pardoned, but zealous 
good will for propagating of Arts be encouraged, 
which was never more cordially designed than 
in this Work: But the performance is submitted 
to the Charity of thy Censure. 

Now in this Second Edition, the first Author 
being deceased, here is by another Hand (ac- 
cording to the Author’s Request in his Life- 
time) all other useful words Added, as could at 
thought off, that were Omitted in the first Im- 
pression, to make it the more useful and com- 
pleat for the young Mathematician’s use. Vale. 


There follows another eight-page sec- 
tion, “Of the Mathematicks in General, 
&c,” the first three paragraphs of which 
read as follows: 


The Mathematicks are Sciences, which being 
founded upon certain Innate Principles do 
teach Rightly and Easily to Explicate Occult 
Properties, and Intrivate Reasons of Quantity. 

Or, the Mathematicks are Sciences of Quan- 
tity, the Foundation of other Arts, preparing 
the Learner for other parts of Philosophy. 

The Mathematicks receive their Denomina- 
tion from the Greek word Mathesis, which signi- 
fies Discipline and Doctrine, and doth not only 
signifie to Learn and Understand, but also to 
call to Remembrance the Knowledge of those 
things which are imprinted in the Mind, that is, 
a Remembrance raised from Appearances; as 
Pythagoras interprets it; or form’d by Know- 
ledge it self, therefore the Mathematicks is such 
a Doctrine, whose Knowledge brings us to the 
Remembrance of those Principles which are im- 
printed in our Minds. 


A little later, the author goes on to dif- 
ferentiate the principal branches of mathe- 
maticks as follows: 


The Parts of the Mathematicks (at least 
those of most general use) are these which fol- 
low, viz. Arithmetick and Geometry, and these 
two Parts only are called Pure Mathematicks, 
from whence are deduced many other Branches 
called Mizt Mathematicks, As Astronomy, Geog- 
raphy, Algebra, Trigonometry, Perspective, which 
contains Opticks, Catoptrics, Dioptrics, Musick, 
viz. Harmony (or the Proportion of Sounds) 
Chronology, Mechanicks, Staticks, (or the Art 
of Ballancing) Architecture, Fortification, Navi- 
gation, Surveying, Dyalling, &c. To which may 
be added also the Art of Astrology, which is 
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grounded on, and depends upon Astronomy; 
Astronomy the Mother, and Astrology is the 
Daughter, according to Kepler. 


It is noteworthy that Moxon considers 
arithmetic and geometry the only types of 
“Pure Mathematicks,” while algebra, 
trigonometry, and many phases of applied 
mathematics are grouped together as 
“Mixt Mathematicks.” The author goes 
on for several pages “to Inform the young 
Student what each of these Branches do 
contain,’ closing with the following ob- 
servation : 


And thus you have a brief Account of the 
Excellent Use of the several Parts of the Mathe- 
maticks, which affords as much Delight and 
Satisfaction to the Industrious Student therein, 
as all the Liberal Sciences taken together, and 
the Study thereof is no less Profitable than Com- 
mendable. 


The final preliminary section consists of 
eight pages of fifty-five geometrical defini- 
tions, some of which are repeated, some- 
times in different and even inconsistent 
form, in the body of the work. A few of 
these definitions may be given as examples: 


1. A Point is no Quantity, but said to be the 
Bound of a Line. 

2. A Right Line, is that which lies even be- 
tween 2 bounded Points. 

5. A Plain Surface, is that which lies even be- 
tween its two Bounding Lines, either as to 
Length, or Breadth, or both. 

9. An Obtuse or Blunt Angle, is that which is 
Bigger than a Right. 

12. A Curv’d Lin’d Angle, is made of two 
Crooked Lines, a mixt Angle is made by a 
crooked or arched Line and a streight one. 

13. Parallel Lines, are those that lean not at all. 

18. A Scalene Triangle, has no Side Equal. 

20. An Acute Angled Triangle, has all his Angles 
Acute. 

48. A Cube (or Dye) is a Solid Figure, contain’d 
under Six Equal Squares. 


The body of the work (pp. 1-181) con- 
sists of some 900 definitions, arranged 
alphabetically, of a wide variety of terms. 
Somewhat less than half of these terms 
(including the fifty-five on geometry indi- 
cated above) refer to the two fields of 
“Pure Mathematicks’—arithmetic and 
geometry; about 40 per cent concern 
astronomy and its “daughter,” astrology, 
while almost 10 per cent are scattered 


among navigation, surveying, dyalling, 
optics, fortifications, geography, archi- 
tecture, and other fields. 

Some of these terms are defined briefly 
in one or two lines. Others include discus- 
sions covering a paragraph or a page or 
more, as interpreted by Joseph Moxon, 
Fellow of the Royal Society, or by Henry 
Coley, who was responsible for the edition 
under consideration in this article. Inci- 
dentally, the final page of the volume con- 
tains a list of the various courses in mathe- 
matics and related sciences (chiefly as 
listed above) as “professed and taught by 
HENRY COLEY, Philomath, at his 
House in Baldwin Court over against the 
Old Hole in the Wall in Baldwin Gardens, 
near Grays-Inn-Lane.”’ 

A few samples of the definitions, as 
gathered in this “‘first mathematical dic- 
tionary ever published in any language,” 
will illustrate the style of the volume and 
some of the concepts of mathematics and 
related sciences prevalent almost three 
centuries ago: 


Addition is one of the five vulgar Rules of Arith- 
metick; and is no more than a putting to- 
gether, or collection of two or more numbers 
into one. 

Algebra, is an Arabick word, and signifies an 
abstruse sort of Arithmetick, the Art of 
Equation, or a certain Rule for the finding 
out the hidden powers of numbers, as well 
absolute as respective. 

Area, in Geometry, the plain superficies com- 
prehended between the sides of any Figure, 
plain or circular. 

Aziom, A common Sentence, Principle, or 
Ground of any Art, generally taken for 
granted. 

Azores are Islands in the North Latitude of 40 
degrees, said by some to be situated at the 
true Western Meridian, whence they would 
Compute the Longitude of all places from 
hence, rather than the Fortunate Islands. 

Bissextile, Leap-Year, When once in four years 
a whole day is added, to make up the odd six 
hours, which the course of the Sun yearly ex- 
ceeds 365 days, being inserted, or put in next 
after the 24th of February. 

Centesms, or Hundred parts of any Integer, 
whence Decimal Arithmetick is derived. 

Chiliades, are the common Tables of Loga- 
rithms, Characteristique is the first Figure in 
each Number towards the left hand, and is al- 
ways a Unite less than the Number of Place, 
the Logarithm represents. 
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Chorography, Called also Topography, is a part 
of Geography, which delivers the description 
of particular Provinces or Kingdoms only. 

Circle, is a plain Figure, contained in one line 
only; in the midst whereof there is a Point, 
from whence all Lines drawn to the Circum- 
ference are equal. 

Cometes, There are several opinions, or rather 
offers concerning the Matter they consist of; 
but the most vulgar opinion is, that they are 
Earthy vapours, having gross parts strongly 
compacted, which being drawn up sometimes 
even above the Orb of the Moon, are there 
set on fire, and continue flaming for some 
time; and then, the matter being consumed, 
disappear. They are generally thought to be 
as Beacons fired, to foreshow the approach of 
Divine vengeance, in Sword, Plague, Famine, 
or some other lamentable Calamity. 

Compass, An Instrument Sea-men use to Steer 
the Ship by, much more easie to be under- 
stood by a Sight, than the best description. 

Cone, A Body with a round flat Base, upon 
which every side of it is placed, so as it ends 
at the top, in a Point hanging directly over 
the Centre of the Base. 

Cossick, The old word for Algebra, or Cosse. 

Curved, Crooked, or a Body Hollowed. 

Cypher or Cyfer, a Character used in Arithme- 
tick, in form somewhat like the letter O, which 
alone or before (that is, towards the left hand 
of) any Numerical Figure, signifies nothing; 
but after another Figure, (that is, toward the 
right hand) increases that Figure ten times; 
if two Cyphers be placed after a Figure, they 
increase it an hundred times; if three, a 
thousand times; as 10, 100, 1000, &c. But in 
those Numbers called Decimals, they de- 
crease towards the left hand in the like pro- 
portion. 

Diagonal, In Geometry, a Straight Line drawn 
from one Angle of a Square to the opposite 
Angle. 

Elements, The first Roots or Principles of 
Things, as Fire, Air, Earth, and Water, 
whereof all Bodies are composed. So Letters 
are called the first Elements of Learning; 
and Euclid’s Fifteen Books of Geometry are 
so called, because without being acquainted 
with the Principles therein laid down, no 
Mathematical work can be undertaken and 
demonstrated. 

Empyreum, The Heaven of Heavens, the Throne 
of God, Residence of Angels, and Eternal 
Mansions of Saints. 

Exhalations, Vapours drawn up from the Earth 
or Sea into the Air, whereof are generated all 
kinds of Meteors, as Rain, Hail, Snow, 
Thunder, Lightning, Comets, Falling Stars, 
&e. 

Extraction of Roots, The unravelling of a Power 
(or Number proposed as a Power) to find the 
Root. 

Extream Reason, A Right Line is said to be di- 

vided according to Mean and Extream 

Reason, when-as the whole is to the greatest 
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Segment, as the greatest Segment is to the 

lesser. 

Figurate Number, Is a Number made by the 
multiplication of one Number or more by 
another. 

Fraction, A broken Number expressing so many 
parts of a whole. 

Focus, The Navel or 2 Centre points to draw 
the curv’d Figure, called an Elipsis, much like 
to an Oval Figure in form. 

Geometrie, signifying no more in a strict sense, 
but Measuring the Earth; and therefore was 
anciently used for the two words last ex- 
plained; but now it has been long appropri- 
ated to the most noble of all the Mathematical 
Sciences... Of which there is two Sorts, 
Practical and Speculative; of both which, 
Authors do treat very copiously in several 
Lanquages. 

The Golden Rule, The Rule of Three is so inti- 
tuled, by way of Excellency in Arithmetick, 
teaching from three Numbers known, to find 
out a Fourth unknown. 

Hyperbola, A curved Figure used in solid Geom- 
etry. See Mr. Anderson’s Stereometrical Prop- 
ositions in English, to be had at the Black 
Raven, near to St. Andrews Church in Hol- 
bron. 

Impure Logarithm, Or a Defective Logarithm, or 
the Logarithm of less than Unity. 

Indivisible, A Term in Speculative Geometry, 
shews the thing cannot be divided. 

Tsosceles, A triangular Figure in Geometry, hay- 
ing two Sides only equal, but the third bigger 
or lesser than either of them. 

A Line, is a Length void of Breadth, or as others 
define it, the Flux of a Point conceived to 
move from place to place, ... As the Point, 
so the Line which we draw, is the Sign of that 
which we Conceive in mind: for if the Point 
which we Conceive be moved, and leaveth an 
Imaginary Tract, that shall be a Line; Long, 
by reason of the motion, but not Broad, be- 
cause the Point from which it procedeth, is 
void of all Extension. 

Logarithms, Are Artificial Numbers invented 
by Arithmeticians, to the end that being put 
in the place of Natural Numbers, they may 
be fit to manifest what Progressive difference 
there is in them: For they always keep in 
themselves the same Progression Arithme- 
tical, as those in whose stead they are Consti- 
tuted, do Progression Geometrical. 

Luna, The Latin name for the Moon, the lower 
or next to Earth of the seven Planets, Femi- 
nine, and Nocturnal: For that borrowing her 
Light from the Sun, she excels in passive 
Qualities and Moisture: And therefore as the 
Sun presides over the Heart, Spirits, and 
Blood, so the Moon over the Brain, Bowels, 
and Ph'egm. .. . There have not been want- 
ing some, both Ancient and Modern Philos- 
ophers, that have conceited the Body of the 
Moon to be Inhabitable; but this seems re- 
pugnant to Divinity. 

Magick, A good and innocent Science, teaching 
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the knowledge and mutual application of 
Actives to Passives, thereby performing many 
excellent and wonderful works. Such were the 
three Magi, or Wise men that came out of the 
East to worship our Saviour. But afterwards 
the Study being depraved by the Arabians, 
and fill’d with many Superstitious Vanities, 
the word came to be taken in an ill sense, for 
Conjuration, or some such wicked Art, that 
by confederacy with, and the assistance of the 
Devil, does either truly do, or rather in a jug- 
ling deceitful way seem to perform some Mi- 
raculous Operations, or above the ordinary 
attainment of Humane Nature. In which 
Pliny represents Zoroaster as the first Grand 
Master. 

Marine, Anything appertaining to the Sea, and 
from thence Mariner, a Sailor or Master of 
the Ship, who ought to be skilled in the Ma- 
thematicks. 

Mathematicks, The word Mathesis being origin- 
ally Greek, signifies Learning or Discipline. 
And the Ancients concluding only those Sci- 
ences, which are founded upon Certainty, and 
proceed by Demonstration worthy of that 
name, called them, Mathematicks. They con- 
tain in general, Geometry, Arithmetick, As- 
tronomy, and Musick; but indeed compre- 
hend many other most excellent and useful 
Branches of Learning; ... Of the Necessity, 
Profit, Extent, Life, Dignity, and Excellency 
of all which, see John Dee’s most profound 
and incomparable Preface to Euclid’s Elements. 

Mechanicks, Are those Operations which are 
dispatch’d as well by the labour of the Hands, 
as of the Brain. .. . So such Workmen them- 
selves are often called Mechanicks: A word 
ignorantly used by the Vulgar, in contempt, 
whereas there are scarce any Faculties more 
necessary to Humane Life. 

Meteors, Are imperfect mixtures of the Elements 
drawn up by the Sun and Stars, and there 
hapning into several Forms. As sometimes 
where the matter is extraordinary, into 
Comets, blazing Stars, strange Appearances 
in the Air, Ignes fatui, &c, but commonly into 
Hail, Snow, and Hoary Frost, which are soon 
resolved again into the form of their Elements. 

Milky-way, Is the only real Circle in Heaven; 
for in a clear night ’tis always conspicuous 
like a Swadling-band infolding the Constella- 
tions... . It appears with a kind of whiteness 
like Milk, but the cause thereof was much 
disputed, till our modern Telescopes con- 
vine’d us, that ’tis only a heap of Stars. 

Minute, Is the sixtieth part of a whole Degree, 
or Hour: So that every hour or degree of the 
Equator or Zodiack is divided into 60 Min- 
utes, every Minute into 60 Seconds, each Sec- 
ond into 60 Thirds, and so to 10ths, or fur- 
ther, if you think you can carry your Con- 
ception so far. 

Numeration, the first of the five Vulgar Rules of 
Arithmetick, teaching to read truly any Sum 
or Number, or write it down aptly when ’tis 
Propos’d. 


Orbit, Is properly the Tract left by a Wheel in 
the Road; hence Astronomers use the word to 
signifie the way or course of the Sun, (pecul- 
iarly called the Ecliptick) as also of any other 
Planet moving on according to the Circle of its . 
Latitude; nor is this without reason, for the 
transient Planet leaves behind him I know 
not what impression or footsteps of his Virtue 
and Quality, as Snails and other Insects leave 
marks of their tabifick quality in the path 
they pass over. 

Orthogon, A Right Angle, or a Geometrical Fig- 
ure which consists of Right Angles, and has 
an Equality of all its parts. 

Orygon, Is a Geometrical Triangular Figure, 
having necessarily all its three Angles acute, 
in which it differs from an Amblygon, that 
must have but two acute, and the third ob- 
tuse. 

Parabola, Is a Figure in Geometry, or Area, cir- 
cumscribed by two Lines, one Right, and the 
other Crooked; The Right Line being an Axis 
for the crooked to move about upon, of which, 
the great Archimedes wrote much, and first 
of all, with many Arguments and Demonstra- 
tions attempted to Square it, and that not 
without success. 

Parallelopleura, Are imperfect parallelograms 
and Irregular Correspondencies of the Angles 
or Sides whereby they are constituted. 

Periphery, A Greek word signifying That Circu- 
lar Line which goes about and infolds the 
whole Area or Content of a Circular Figure: 
the proportion of which to its Diameter is as 
22 to Seven: The word is likewise sometimes 
taken for the whole Superficies of the Earth, 
or for the Convex and outermost part of any 
Celestial Sphere. 

Plain, Amongst Geometricians, is a flat Super- 
ficies; that is, a Superficies that lies equal be- 
tween its Lines, whereby ’tis opposed to a 
Spherical Body, and a Circle, which sre cir- 
cumscribed with a crooked Line, or Super- 
ficies. 

A Point, is the smallest part of Quantity, or that 
Extream which can be divided into no further 
parts. The same (in a manner) in Quantity, 
as a Unit in Number, an Jnstant in Time, or a 
Sound in Musick. 

Ponderous, Those Planets are said to be so that 
move leisurely and slowly, like a man under a 
burden; as Saturn, Jupiter, and Mars, who 
never by their Diurnal Motion can reach one 
whole Degree. 

Prime Figure, Is that which cannot be divided 
into any other Figures more simple than it 
self: as a Triangle in Plains, the Piramis* in 
Solids; for all Plains are made of the first, all 


* Moxon uses the word ‘‘Piramis,” but whether 
this is a printer’s error for ‘“Piramid,” or possibly 
“‘Piramids,’’ may only be conjectured. Or perhaps the 
author was not as careful as he should have been to be 
consistent. Note that in the somewhat confusing defi- 
nition of the word ‘‘Pyramid” immediately following, 
the modern spelling of the word is used consistently 
throughout. 
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Bodies or Solids compounded of the Second. 
Pyramid, {so called from the Greek word Pyr, 
signifying Fire, because a flame ends Taper 
in a Point like this Figure] so a solid Figure 
contained under diverse Plains, -which meet 
or Terminate, at one and the same point being 
drawn from another Plain which is for the 
Base of the Pyramid; and here note that 
every Body whether Opacous or Luminous 
transmits its shadow or Light after a Pyram- 
idal Form. Only the Luminous Body casts 
it so, that the Vertex (Top) of the Pyramid 
form’d is in that point of the Luminous Body 
from whence the Light proceeds, and the Basis 
on the Superficies of the Body Inlightned, but 
an Opacous Body casts its shadow contrary- 
wise, the Basis of the Pyramid by it made, 
being in the Superficies of the body making 
the shadow, and the Vertex in a point of any 
body to which the shadow is extended. 
Quantity, Is the proper and largest object of 
Geometrical Arts, not as ’tis an accident ad- 
hering to matter, and endued with sensible 
qualities. 

Right Line, Is that which is equally distended 
between its points; that is, hath nothing of 
turning or bending any way, and conse- 
quently of all Lines is in its nature the short- 
est. 

Saturn, The slowest of the Planets, and most re- 
mote from the Earth, his Sphere being imme- 
diately next under the Heaven of the Fixed 
Stars, by reason of which distance, he seems 
to us the least, though in truth greater than 
any of all the Seven, except the Sun and 
Jupiter: Of a leaden, whitish, somewhat ob- 
scurist colour; by nature cold and dry, and so 
inimical to the nature of Man and all Crea- 
tures, that he is generally counted the Greater 
Infortune. 

Serpentine Line, A crooked winding Line, that 
incloses it self continually, as a Serpent wraps 
her self up in folds. See Spiral. 

Sol, The King of the Planets, Fountain of Light, 
and Eye of the World, by nature hot and dry; 
a Fortune by Aspect, but Infortune by Body; 
he has many names given him, both by 
Poets and other Authors, as Sol, Titan, 
Helios, Apollo, Paean, Diespiter, &c. 

Spiral Line, A Tortuous or crooked Line, un- 
equally distant from the midst of the space, 
howsoever inclosed, which seems to be almost 
a Circle, only it does not meet, and like that, 
run again into it self, but keeps on at a pro- 
portionate distance or deviation, like the 
Coyling of Ropes, or the folding of a Serpent, 
when she lies close in so many Turns with her 
Body, and is therefore sometimes called a 
Serpentine Line. 

Squaring the Circle, Is a contriving to any Circle 
a Square equal thereunto, and exactly corre- 
spondent: A thing that has puzled the ablest 
Mathematicians, being in truth, to find out 
the Area of some Square that shall be exactly 
equal to the Area of some Circle, so that the 
Area’s of both Figures shall be alike capacious. 
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This, though the great Archimedes, and 
others, have not exactly done, yet they have 
come near enough for any use, and taught 
those things, which, if fully understood and 
pursued, the Circle may come to be Squared: 
For if they have Squared a Parabola, (which 
is an Area intercepted between two Lines, 
one Right, and the other Arcular, or bowing) 
why should not the Circle it self, which con- 
sists of two Parabola’s be as well Squared? 


Subtraction, A common Rule of Arithmetick, 


teaching, how artificially to take a lesser 
Number out of a greater, and find what re- 
mains over-plus of the greater, when the value 
of the smaller is subtracted, that is, with- 
drawn, or taken away from it. 


Systeme, A Greek word whereby is intended the 


general Constitution, Fabrick and Harmony 
of the Universe, or an orderly Representation 
thereof according to some noted Hypothesis, 
wherein the Celestial Bodies are so disposed 
amongst themselves, and in respect of the 
Earth; as their Scituation, Order, Motions, 
and Passions, may in such an Authors opin- 
ion best answer Appearances and Philosoph- 
ical Demonstrations; To this purpose the 
Ancients agreed, that the Globe of the Earth 
and Sea should be the Centre of the World, 
about which was diffused the Air, and round 
that the more light Element of Fire; Then the 
Orb of the Moon, and so Mercury... . But 
of late, Copernicus (a most ingenious Astron- 
omer) the better to Solve the Appearance 
Invented, or rather revived, for it was many 
Ages before started by some old Phyloso- 
phers, but now buried and forgot) he, I say, 
revived another Hypothesis, which constitutes 
the Sun Immovable in the Centre of the 
World, next the Orb of Mercury... . Since 
this, the Noble Tycho Brahe proposed his 
Hypothesis, making the Earth the Centre of 
both the Luminaries, and the Orb of fixed 
Stars, but the Sun the Centre of the other 
four Planets; whom he counts all Eccenttrick 
to the Earth, and constantly moving in the 
fluid Ether about the Sun, &c. All these Sys- 
temes have found their Disciples, and Pro- 
pugnators; if any have a mind to be better 
Instructed in all or any of them, there are 
Sphears extant fitted for every of them, and 
shewing all the Motions and Affections of the 
Celestial Bodies truly, according to the inten- 
tion of each Hypothesis. 


Telescope, a large Optick Instrument, invented 


by Galilaeus, for observing the Celestial- 
Bodies, whereby several new Phaenomens 
have been discovered and great Improve 
ments made in Astronomy. 


Theorem, A Greek word signifying a Proposition, 


which requireth the searching out, and dem- 
onstration of some Property or Passion of 
some Figure, wherein is only Speculation and 
Contemplation of mind, without doing o 
working of any thing; whereby it differs from 
a Problem, in which some‘hing is always t0 
be done. 
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Hints for upgrading mathematics instruction— 


neW or old? 


by Sister Mary Constantia S.C.L., Ward High School, Kansas City, Kansas 


Current textbook writers are placing 
much emphasis on teaching children how 
to perform the fundamental operations— 
addition, subtraction, multiplication, and 
division—in bases other than ten. This is 
advocated (we believe rightly so) because 
it enables the learner to really understand 
the concepts involved, and he is not so apt 
to compute mechanically according to a 
memorized rule. If the child has developed 
the habit of mechanical manipulation of 
numbers, the change to bases other than 
ten is perhaps the best approach to use in 
giving him proper concepts. 

It is interesting to note, however, that 
as early as 1836 Augustus De Morgan 
(1806-1871) had published a paper in 
which he also recommended using different 
bases to aid in forming correct concepts in 
the fundamental operations. The Encyclo- 
paedia Britannica, 11th edition, says of 
De Morgan, “‘As a teacher, he was un- 
rivalled.” 

Concerning change of bases, De Morgan 
states, “The student should accustom 
himself to work questions in different bases 
of numeration, which will give him a 
clearer insight into the nature of mathe- 
matical processes than he could obtain by 
any other method.” 

De Morgan wrote prolifically in mathe- 
matics and also in logic. He is the author 
of the volume Mathematics, one of a series 
of books on different subjects in the 
library of Useful Knowledge sponsored by 
the Society for the Diffusion of Knowledge. 
Three of his numerous papers are collected 
in this volume. The title of the first paper 
is, “On the Study and Difficulties of 
Mathematics.” Chapter II, entitled 


“Arithmetical Notation,” gives what I 
consider an excellent presentation of a 
lesson in base and place in numeration. In 
what follows I shall quote at length from 
his presentation. 

De Morgan prefaces his lesson with the 
observation: 

A knowledge of our method of reckoning 
and of writing down numbers is taught so early 
that the method by which they begun is hardly 
recollected. Few, therefore reflect upon the com- 
mencement of arithmetic or upon the simplicity 
or elegance with which calculations are con- 
ducted. We find the method of reckoning by 
tens in our hands, we hardly know how, and we 
conclude, so natural and obvious does it seem, 
that it came with our language and is a natural 
part of it and that we are not much indebted to 
instruction for so simple a gift. 

He points out, however, that numerals 
are arbitrary symbols used to represent the 
counting numbers whose names were also 
chosen arbitrarily. He says there are nine 
symbols chosen, whereby we can represent 
the first nine counting numbers and one 
sign for zero or nothing. But he explains, 
“To represent ten we do not use a new sign 
but combine two of the others and denote 
it by 10, eleven by 11, and so on.” 

Then he asks, ‘“‘But why was ten chosen 
as the limit of our separate symbols—why 
not nine or eight or eleven?”’ He gives the 
answer: 

If we recollect how apt we are to count on 
our fingers we shall be at no loss to see the 
reason. We can imagine our system of numera- 
tion formed thus: A man proceeds to count a 
number, and to help he puts his finger on the 
table for each one he counts. He can thus go as 
far as ten, after which he must begin again and 
by reckoning on the fingers a second time he will 
have counted twenty and so on, but this is not 
enough; he must reckon the number of times 


he has done this, and as by counting on his 
fingers he has divided the things which he is 
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counting in lots of ten each, he may consider 
each lot as a unit of its kind, just as we say a 
number of sheep is one flock, twenty shillings 
are one pound. Call each lot ten. In this way he 
can count a ten of tens which we may call one 
hundred, a ten of hundreds, or one thousand 
and so on. 


De Morgan gives a concrete example to 
illustrate his lesson: 

The process of reckoning would then be as 
follows:—Suppose to choose an example, a 
number of faggots is to be counted. They are 
first tied up in bundles of ten, until there are 
less than ten left. Suppose there are seven left 
over. We then count the bundles of ten as we 
counted the single faggots and tie them up also 
by tens forming new bundles of one hundred 
each with some bundles of ten remaining. Let 
these be six in number. We then tie up the 
hundreds in tens, making bundles of thousands, 
and find there are five bundles of hundreds re- 
maining. Suppose in attempting to tie the 
thousands by ten, we find there are not as many 
as ten but only four, the number of faggots is 
then: 4 thousands, 5 hundreds, 6 tens, and 7. 


Again De Morgan stimulates the reader 
to think by asking, ‘““How shall we repre- 
sent this number in a short and convenient 
manner?” 

He explains the manner of doing it is a 
matter of choice. He suggests that we 
might distinguish the tens by marking 
their numbers with a single accent, the 
hundreds with two accents, and the thou- 
sands with three, leaving the units with no 
accent. Having made this suggestion, he 
points out that the order in which we 
wrote the accented symbols would be im- 
material. Hence the number of faggots 
counted above could be written: 7 6’ 5” 
g. 6' 5” 7 . 6’ 4’" 5” 7, or 4’" 5” 6 7 
(there being actually 24 ways the symbols 
could be combined to represent the num- 
ber). But he concludes, one certain order 
is sufficient, and the most natural way is 
to place them in order of magnitude, 
putting the largest collection first. Then 
the number of faggots is represented as 
4" 5” 6’ 7. 

He then observes, if we write the nu- 
merals thus, it will soon be evident that 
the accents are unnecessary. The singly 
accented symbol will always be second to 
the right and so on, and the place of each 


number will determine what accent is to 
be understood as belonging to it. Thus, we 
may consider each figure as deriving a 
value from the place where it stands. 

Here De Morgan anticipates a difficulty 
and remarks, ‘Here a difficulty occurs, 
How are we to represent the numbers 
3’” 3’ and 4’” 2’ 7 without accents? If we 
write them 33 and 427, they will be mis- 
taken for 3’ 3 and 4” 2’ 7.” 

He resolves this difficulty by explaining 
we can place cyphers so as to bring each 
numeral into the place allotted to the col- 
lection which it represents. Thus since the 
trebly accented symbols or thousands are 
in the fourth place from the right, and the 
singly accented symbols in the second 
place, the numeral 3’” 3’ can be written 
3030 and 4’” 2’ 7 can be written 4027. 

It is apparent De Morgan considered 
zero only as a place holder and not as a 
number in its own right, for he says, ‘“The 
cypher which plays so important a part in 
arithmetic that it was anciently called the 
art of cypher or cyphering, does not stand 
for any number in itself, but is merely em- 
ployed like blank types in printing to keep 
other signs in those places they must oc- 
cupy in order to be read rightly. ”’ 

Again De Morgan introduces a new idea 
by asking questions. He asks: ‘What 
would have been the case if instead of ten 
fingers men had more or less? For example 
what signs would represent 4567 faggots if 
man had nine fingers instead of ten?” 

He answers that the method would be 
the same—man would count by nines. 
There would not be a single symbol for 
nine, but instead it would be represented 
by 1’ 0. To make this idea clear he shows 
how the original group of 4567 (ten base) 
faggots could be counted by nines and 
tied in bundles of nine, with four single 
faggots remaining. The nine bundles 
would again be tied in larger bundles, nine 
of nines (81), with 3 bundles remaining. 
When the nine of nines are in turn tied in 
bundles of nine, there would be six such 
bundles (729), and two nine of nines (81) 
remaining. The process would end there. 
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A bundle of 9 single faggots or a nine 
would then be represented by 1’, a nine of 
nines by 1’, and a nine of nine of nines by 
1’”. The numeral which represented the 
number in the ten base would now be 
changed to 6’” 2” 3’ 4 to represent that 
number in the nine base. 

To avoid confusion of bases in his illus- 
trations, De Morgan does not use the ac- 
cents for the common base ten, but uses 
them whenever numerals in bases other 
than ten are employed. Thus, he exhibits 
side by side the following numerals in base 
ten and in base nine: 


Counting by tens Counting by nines 


1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 
8 8 
9 1’ 0 
10 1 
11 2 
12 l’ 3 
13 1’ 4 
14 l’ 5 
15 1’ 6 
16 Y £ 
17 he 
18 2’ 0 
19 a 
20 2’ 2 
30 3’ 3 
40 4’ 4 
50 5’ 5 
60 6’ 6 
70 7 © 
80 8’ 8 
90 | ee a 
100 m2 1 


De Morgan illustrates how to change 
from a ten base to a nine base. 


We will now write in the common way in the 
tens’ system the process we went through in 
order to find out how to represent the number 
4567 in that of nines thus: 


9)4567 
9)507 Rem. 4 Representation required: 
9)56 Rem. 3 
9)6 Rem. 2 6'2"3'4 
0 Rem. 6 


Then De Morgan makes the following 
statement: “The principles involved in 
computation in a numeration system 
which employs place values are the same 
irrespective of the base used.”” To make 
this clear he gives examples in each of the 
four fundamental operations, solved first 
in numerals of base ten, and then the same 
numbers in numerals of base nine are used. 
These illustrations follow. (Note that the 
accents are not used in the base ten 
numerals, but they are employed in base 
nine. Notice also in the division problem 
that, where more than three accents would 
be needed, he changes to Roman numerals 
for superscripts. However, he drops the 
accents in the actual computation.) Before 
setting down his examples, he cautions the 
reader, ‘There is this difference that in the 
common base the tens must be carried, in 
the second we carry nines.” 




















Examples: 
Addition: 
Base ien Base nine 
6 3 6 rr © 
987 ie le de 
403 4" a J 
2026 a7" Fi 
Subtraction: 
1384 1" o" WZ 
797 vee Tr Ss 
5687 ws: 3 
Multiplication: 
297 3” 6’ 0 
136 oC i 
1782 3.6 0 
891 240 0 
297 3 6 0 
40392 6iv 1iii Zii Gi O 
Division: 
SSsy)TStISsliszgs 
633 
168632 
1266 
3165 
3165 
0 
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Following these examples, we find the 
advice to the student to accustom himself 
to working in different systems of numera- 
tion, in order to get a clearer concept of 
the processes of arithmetic. He also ex- 
plains that when a base larger than ten 
is used, we shall need some new symbols 
for numbers greater than nine and less 
than the base. He says, for instance, in the 
duodecimal system the base twelve will be 
represented by 10 and we will need to 
agree on single distinct signs for ten and 
eleven. He suggests that we reverse the 
symbols for nine and six, thus @, 6, and 
use @ for eleven and @ for ten. The numerals 
for the numbers one through twelve would 
then be 


1, 2, 3, 4, 5, 6, 7, 8, 9, 9, @, 10. 


The lesson on base and place is but a 
single example of the many ideas ex- 
pressed in De Morgan’s writings that have 
a distinctly “modern flavor’ as we ex- 
amine them today. 

To cite only a few others: Is he not in 
keeping with today’s thinking when he ad- 
monishes the teacher to proceed slowly 
with simple examples, so that the student 
will be led to discover the concepts in- 
volved, instead of being presented with a 
rule for working the problem? This is 
surely our goal for our own students. 

De Morgan warns, “He [the student] 
may, and indeed will, believe a rule on the 
authority of the instructor, but this dis- 
position is to be checked. He must be told 
whatever is not gained by his own thought 
is not gained to any purpose.” He also 
states, ‘‘Merely showing a student a rule 
by which he is to work, and then compar- 
ing his answer with a key for the pre- 


ceptor’s use only is not teaching arith- 
metic.”’ 

Like many of our leading mathemati- 
cians ‘today, De Morgan realized that 
teachers must first be educated properly 
if we are to expect any improvement in 
students’ mastering of the subject matter. 
This is shown by the following quotation 
taken from the preface to “‘Arithmetic and 
Algebra,”’ the second paper in the volume 
Mathematics referred to above: “‘There are 
two classes who might benefit by this 
paper, viz. teachers of the elements,* who 
have hitherto confined their pupils to 
working of rules, without demonstration, 
and students, who, having acquired some 
knowledge under this system, find further 
progress checked by the insufficiency of 
their previous methods and attainments.” 
To the latter class he says his paper pre- 
sents ‘the part which has been omitted in 
their mathematical education.” 

Further on in the Preface he expresses 
the hope that “the persual of the opinions 
of an individual offered simply as such, 
may excite many to become enquirers, who 
would have otherwise been workers of 
rules and dogmas.” He states these en- 
quirers may not ultimately agree with his 
opinions, but if he has stimulated enquiry 
he feels he has accomplished his purpose. 

Did De Morgan at this early time en- 
vision some sort of plan or idea similar to 
The Mathematics Study Group, where 
trained mathematicians would sit down 
side by side with high school and ele- 
mentary-school teachers to plan a better 
mathematics curriculum for the pupil as 
well as helps for the teacher in presenting 
this improved curriculum? He must cer- 
tainly have thought some means possible. 
There is no doubt that he placed the re- 
sponsibility for improvement squarely on 
the shoulders of the trained mathemati- 
cians. He rebukes them for having thus 


* De Morgan says, ‘“The elements of mathematics 
taught are usually contained in the sciences of arith- 
metic, algebra, geometry, and trigonometry.” Hence 
his reference to ‘‘the elements” is not to Euclid’s 
Elements. 
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far failed in their duty. This is shown in 
the final paragraph of the Preface: 


The number of mathematical students, as it 
has been of late, would be much augmented if 
those who hold the highest rank in the science 
would condescend to give more effective assist- 
ance in clearing the elements of the difficulties 
they present. If anyone claiming that title, 
think my attempt obscure or erroneous, he must 


share the blame with me, since it is through his 
neglect that I have been enabled to avail myself 
of an opportunity to perform a task which I 
would have gladly confided to more skillful 
hands. 


The Preface was signed: AuGustus 
De Morgan, 90 Guilford Street, Novem- 
ber 22, 1831. 





Letter to the editor 


Dear Editor: 


In the February, 1960, issue of The Mathe- 
matics Teacher there appeared, on page 119, an 
interesting article that concerned the dissection 
of a square into parts that form an equilateral 
triangle. After inspecting the proof, I decided 
that it was incorrect and then proceeded to in- 
vestigate and discover a correct proof. 

Reference to page 129 of this magazine indi- 
cates that the author contends that two quadri- 
laterals, that he has named 3 and 3’, are con- 
gruent, because they are mutually equiangular, 
and a side of one is equal to the corresponding 
side of the other. This, of course, is false, since 
two corresponding sides were needed. The 
proof, therefore, fails at that point and becomes 
inconclusive. 

The construction that I offer is the same as 
the original up to the determination of a certain 
point G. At this point, there is a slight difference 
in the procedure that will make it possible to 
prove the quadrilaterals 3 and 3’ congruent. 

The accompanying diagram is lettered like 
the original. 

There is given a square ABCD, with the 
length of each side denoted a. Let s denote the 
length of side of an equivalent equilateral 
triangle. 

From this hypothesis it follows: 

82/3 

+ 


a*= 





By a compass and ruler construction (see 
page 122) a length equal to 4s is determined. 
The midpoints Z and N on the sides of the 
given square are taken. Next take EF =}s, and 
NG =}s. Since it is known that FN <}s, there 
must be a point such as G on line EF. 

Let AF =k. Take CM =k. Next draw GM, 
which will be of an unknown length. Extend 
GN to O so that GO =s. Now draw OX parallel 
to GM, meeting EF, extended, at P to form a 
triangle GOP. 

Next take FR=k. Draw RS perpendicular 
to AQ. 

This triangle GOP will now be shown to be 
equivalent to the square ABCD. 

Consider: 2 and 2’. 


BN=CN, GN =NO. 


Obviously the quadrilaterals are mutually equi- 
angular. Hence 


22’ “. BQ=k. 


Consider: 4 and 4’. These triangles are con- 
gruent, since two angles and the included side 
of one are equal respectively to two angles and 
the included side of the other. Hence 


RS =}a, and FS =}s. 
Consider: 3 and 3’. 
FB=a-k, BR=k—(a—k) =2k—a 


It follows: 
BQ-—RB=k-2k+a=a-k. 
Hence 
RQ=a-k. But DM =a-k, also. 








Therefore: 
RQ=DM 
Also 
RS =}a=DE, 
D M C 
a 
| 2 % O 
| sa 
E i. / s 3 ss f ; 
a / oe ae | 
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(Continued on page 269) 
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Reviews and evaluations 






Edited by Kenneth B. Henderson, University of Illinois, Urbana, Illinois 


BOOKS 


Basic College Mathematics, Jerome M. Sachs, 
Ruth B. Rasmussen, and William J. Purcell 
(Boston: Allyn and Bacon, Inc., 1960). 
Cloth, ix +344 pp., $6.95. 


Slightly more than half of this text is de- 
voted to restudy of arithmetic and elementary 
algebra. The opening chapter introduces some 
logical concepts and symbolism, and there is 
occasional use of these throughout the book, 

A section on geometry is concerned mainly 
with mensuration of plane and solid figures. In 
the reviewer’s judgment, this chapter falls be- 
hind the others in reaching the announced goal 
that it shall “integrate and expand, within a 
modern framework, the learning acquired in 
algebra and geometry.” Two other chapters, 
of an optional nature, are concerned with an 
introduction to statistics and assorted topics. 

The book seems to the reviewer to be 
planned particularly for the liberal arts student 
who does not plan to continue the study of 
mathematics, although there is no such explicit 
statement in the Preface. It should certainly be 
examined by those looking for a text for a se- 
mester course of this type, at an elementary 
level. 

It is somewhat harder to place this text in 
a sequence of mathematics courses since the 
technical facility to be expected from its use 
would be somewhat short of that desired in in- 
termediate college algebra. However, the well- 
known excessive failure rate in such courses 
certainly results partly from lack of mastery 
of the topics treated in this text. Hence, some 
might consider its use in a remedial course, to 
be followed by a more extensive course in alge- 
bra. 

The problem lists are of moderate length, 
with answers supplied for the odd-numbered 
ones. The appearance is excellent and the style 
seems pleasing but lacking any considerable 
novelty. The authors seem to have written with 
some restraint, as though some revision were 
desired in the direction of ‘‘modern’” mathe- 
matics, but not too much. 

Several texts with much the same title and 
course content are already in use, so the follow- 
ing remark should not imply any special criti- 
cism: Can’t we hope that some day this material 
will be basic in the high school or junior high 
school rather than in college?—L. Clark Lay, 
Orange County State College, Fullerton, Cali- 
fornia. 
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Cartesian Geometry of the Plane, E. M. Hartley 
(New York: Cambridge University Press, 
1960). Cloth, xi+324 pp., $3.75. 


The contents of this book are, in order: line, 
plane, parabola, parametric definition of curves, 
circle, ellipse and hyperbola, line pairs, general 
conic, polar co-ordinates, and a brief summa- 
rizing chapter entitled, ‘What Is a Conic?” 

Parametric representation permeates the 
entire book. It is introduced and defined in 
Chapter 2 in connection with study of the line. 
It is utilized again in Chapter 3. It is presented 
explicitly and applied in detail in Chapter 4, and 
use is made of parameters thereafter as it is ad- 
vantageous. 

In contrast, and of possible disappointment 
to some teachers, is the late and very brief treat- 
ment of polar co-ordinates. No more is made of 
the relations between rectangular and polar 
co-ordinates than mere mention, and almost no 
practice is provided for converting from one 
system to the other. 

Translation and rotation of axes are pre- 
sented early, but as optional topics. Neither 
transformation is used in the text or exercises 
until late in the book, when the general second- 
degree equation is considered, not, however, as 
an optional topic. 

Five methods usable for defining conics are 
presented in the final chapter, some of which 
have been used earlier as the various conics 
were taken up in detail. Advantages and de- 
ficiencies of each approach are summarized. 
For example, the focus-directrix definition does 
not yield a circle, and use of the sum or differ- 
ence of distances from two fixed points does not 
lead to the general line pair. 

In several places the progressive develop- 
ment of a mathematical idea is evident. To cite 
one example, development of the locus of a 
point equidistant from two fixed points is fol- 
lowed almost immediately by consideration of 
the locus of a point, such that the ratio of its 
distances from two fixed points is any constant. 

Alternate developments by means of the 
calculus, especially where slope is involved, are 
given in some places. A set of exercises follows 
each major section or set of sections in each 
chapter, and a lengthy set of miscellaneous 
exercises is provided at, the end of each chapter. 
Hints for some of the more challenging exercises 
and answers to many of the exercises are give 
in sections at the end of the book. There is also 
a section listing the important formulas. 
Throughout the book helpful amplifying dis- 
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cussions in smaller print supplement the basic 
presentation. 

Proof of important theorems of plane geom- 
etry by co-ordinate methods receives major em- 
phasis in the first two chapters. Later on, in dis- 
cussing the relative popularity of algebraic 
versus synthetic methods for dealing with the 
conics, the author makes a statement that has 
been used in support of employing co-ordinate 
methods in the study of high school geometry. 
He says, “...in solving a problem we should 
look for an economical solution, using either 
algebraic or synthetic reasoning, or probably a 
judicious mixture of the two.” 

There are a few words and symbols that are 
disconcerting to those accustomed to mathe- 
matics texts written and published in the 
United States. (The book is printed in London, 
and it is assumed that the author received all 
or much of his education in Great Britain.) For 
instance, P,P: symbolizes what we are accus- 
tomed to seeing as P,P? or (P,P2)?. The word 
“join” is used as follows: “If any two points on 
a line are selected their join makes a constant 
angle with a fixed direction... .’’ Especially 
troubling is the fact that it is not clear from the 
context whether ‘‘join’” refers to “segment” 
or to “‘line.”” Less bothersome, but possibly un- 
familiar to some readers, is the word “gradient” ; 
however, the meaning as being synonymous 
with that of “slope”? would be inferred from 
context. A word appears to have been added to 
or omitted from that intended in the sentence, 
“The intercepts on the z-axis and the y-axis are 
the p/cos a and p/sin a... ,” but this may 
be a manner of expression customarily used by 
the author. 

On the whole, reading of and reference to 
this text for co-ordinate geometry will be most 
rewarding. Extensive attention to the cubic 
equation, the many properties of the conics not 
found in most similar texts, the inclusion of in- 
version and related topics in the study of the 
circle, and the many tantalizing exercises per- 
suade me to recommend it for reference use by 
any teacher of a course in analytic geometry, or 
by anyone desiring to extend his knowledge of 
the subject, or even by one wishing to become 
acquainted with it. Indeed, use of this book as 
a text in a substantial course, in the opinion of 
the reviewer, would contribute greatly to the 
mathematical development of the students and 
provide a stimulating experience for the teacher. 
—Clarence H. Heinke, Capital University, .Co- 
lumbus, Ohio. 


Intermediate Algebra, Francis J. Mueller (Engle- 
wood Cliffs, New Jersey: Prentice-Hall, Inc., 
1960). Cloth, x +374 pp., $5.95. 


The student who comes to college so badly 
prepared in mathematics that he needs a course 
in Intermediate Algebra would find this book 
a useful compendium of rules, procedures, and 
exercises. He might, by careful study of this 
book, develop reasonable skill in techniques. 


For an understanding of the subject as a whole, 
for an appreciation of it as a sensible part of his 
general education, he would have to look else- 
where. The opening sentence of the Preface calls 
Intermediate Algebra ‘‘a nebulous, ill-defined 
entity.” After reading this book one remains 
inclined to agree with this description. 

In general, the language of the book is a mix- 
ture of modern usage, ancient habit, and per- 
sonal peculiarities. For instance, on page 18 we 
find, “‘subtract the lower numeral from the 
upper.” On page 60 appears “divide both mem- 
bers equally.’”’ On page 67 we find “‘Translate the 
following statements... ,’’ but most of what 
follows are not statements. On page 91 the 
author mentions the distributive axiom and then 
ignores it in the rule on page 92. On page 13 he 
says, “Ignore the signs,” when the concept of 
absolute value could have been easily intro- 
duced. One is sure to come out of a study of 
pages 256-260 with a feeling that “solving a 
proportion” is somehow different from solving 
an equation. The word “inequality” is not even 
indexed. The symbols, >, < occur a few times, 
but the subject of inequalities is not discussed 
or even suggested. 

On page 4 the author lists ‘‘principles” instead 
of axioms. It is difficult to see what has been 
gained by this dodge except to emphasize again 
the smothering by the book of the structure of 
the subject. 

The author mentions the number of rules and 
certainly does not exaggerate. There is a “rule”’ 
for almost everything. Specifically set out and 
labeled as “rules” are seventy-four different sets 
of statements. Most books undoubtedly have as 
many such statements. However, to label them 
all in boldface type as rules tends to create the 
feeling that here we have a set of mechanical 
dodges that work, a point of view whose domi- 
nance has been fought for years by teachers. 

The author constantly uses nouns as adjec- 
tives and thereby produces some rather un- 
common effects. For example, one finds the fol- 
lowing: (The number indicates the page.) 


sum numeral (3) 

integer problems (76) 

equation statement (81) 

quotient factor (92) 

expansion terms (96) 

lowest terms fraction (121) 
dividend fraction (122) 

common denominator pairs (124) 
equality statement (180) 

second degree variable term (184) 
specific coefficient values (188) 
number line axes (207) 
independent variable replacements (212) 
ratio fractions (257) 


There are others, but these may illustrate the 
point. 


There are many exercises, and it is certainly 
true that the discussions and rules take one as 
close to a skill for “doing” the exercises us may 
be possible without real understanding. Real 
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understanding, for the college student who 
knows little mathematics to begin with, would 
be difficult to achieve from a study of this book. 

It is quite unsuited for the secondary school. 
This statement is no criticism of the book, how- 
ever, for the implication of the Preface is that it 
was written for college students.—Jackson B. 
Adkins, The Phillips Exeter Academy, Ezeter, 
New Hampshire. 


Modern College Algebra, Julian D. Mancell and 
Mario O. Gonzales (Boston: Allyn and Bacon, 
Inc., 1960). Cloth, xi+386 pp., $6.25. 


The aim of the authors of this text is to 
provide an elementary course in algebra for 
college freshmen that is teachable and mathe- 
matically trustworthy. They have tried to avoid 
the error of making college algebra a prolonged 
drill on techniques by using an approach based 
on understanding. Considerable emphasis is 
given to the number systems of algebra. Brief 
developments of the natural numbers, rational 
fractions, and irrational numbers are followed 
by a listing of the postulates for the real num- 
bers, with derivations and some of their proper- 
ties. Complex numbers are defined by the 
ordered-pair approach with the basic operations 
defined so that the principle of permanence of 
basic properties is satisfied. 

Analytic geometry is introduced primarily 
for graphical representation of relations and 
functions. It is not Euclidean, but utilizes the 
properties of affine geometry. 

The word ‘‘modern” in the title is a bit mis- 
leading, for the major part of the content of the 
book, as well as its treatment, is, in fact, tra- 
ditional. True, the associative, commutative, 
and distributive laws are called upon faithfully 
when operations with polynomials are presented. 
Yet as one looks through the lists of exercises, 
one sees in most cases the traditional type of 
drill. An example of this is seen where practice 
in proof by mathematical induction is given. 
Traditional work on summation of series is 
given. Double induction is not mentioned, nor 
are ways to circumvent it mentioned, yet the 
proof of a™a"=a™** is “‘left as an exercise.” In 
the section on radicals, certain statements, made 
without proof, are easily proved by induction 
and thus this basic principle could have been 
more thoroughly exploited to develop the struc- 
ture of algebra. 

There is no shortage of topics. Most of what 
goes into college algebras is there. I would char- 
acterize this textbook as traditional with a 
leaning toward modern.—Lyman C. Peck, Ohio 
Wesleyan University, Delaware, Ohio. 


A Teaching Guide for Slide Rule Instruction, 
Maurice L. Hartung (Chicago 5, Illinois, 
Alhambra, California: Pickett & Eckel, Inc. 
1960). Paper, 45 pp. 


This teaching guide is mathematically cor- 
rect and pedagogically sound. The author states 
in the introduction that many teachers have not 
had extensive experience in teaching the slide 


rule. This is one of the areas in colleges and uni- 
versities in which no teaching specialty is made, 

Teachers are looking for suggestions for ef- 
fective ways of introducing the slide rule to 
their students. Other teachers who have taught 
the slide rule may be interested in comparing 
their methods with those that have been found 
to be effective by others. It is even helpful to 
find that some methods used may correspond. 
This teaching guide is written for students in the 
junior and senior high school courses, particu- 
larly those who have not had trigonometry, as 
the book has been presented in such a manner 
that the mechanics involved do not need the 
thorough explanation of logarithms. 

The guide is organized in twelve sections. 
The instructor may use his prerogative in using 
all the sections and in the order given, or in 
choosing those appropriate to the maturity of, 
and time allotted for the individual classes, 
There is also some freedom of choice as to the 
order in which the various topics may be taken 
up. 

The illustrations and pictures are excellent, 
and the language used in the explanation is 
clear. The illustrations of the graduations are 
clearly presented so that students able to read 
and understand scales can readily understand 
the slide rule graduations. In explaining that 
the primary graduations are closer together as 
one moves from left to right, the students are 
told that the scales are nonuniform. This does 
not explain the why, but without a thorough 
knowledge of logarithms or exponentiation, they 
wouldn’t understand. Since the principal pur- 
pose of teaching the slide rule at an early age 
is its use, the underlying mathematical back- 
ground can wait. 

There is a short section on approximations 
which should be especially effective. This is very 
important, whether a student studies slide rule 
or not. One of the great faults that teachers find 
in their students is not in their errors but in 
having an unreasonable answer. This section on 
approximations is followed by one on scientific 
notation. If the order were reversed, possibly 
most students would never learn to approxi- 
mate. The scientific notation is not only useful 
in the slide rule computations, but it has wide- 
spread use in the modern scientific world. 

One of the sections deals with a ‘‘Powers-of- 
ten’’ slide rule as a learning aid in teaching ex- 
ponential notation and decimal point location. 
It is really an alternative approach to scientific 
notation through the use of a special learning 
aid. At the same time, it introduces the soundest 
approach to a purely mechanical way of locating 
the decimal point. If I were to make a suggestion 
regarding the organization of the sections, I 
would have this section precede the one on 
scientific notation. 

In addition to the above-named sections, 
there are sections dealing with A and B scales, 
the K scale, CI scale, the L.C.D. scales, S.T. and 
ST scales, and the teaching of slide rule opera- 
tion in terms of logarithms. 

The author is modest in saying that if each 
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teacher who looks through this guide finds only 
one suggestion that will help him make the 
study of mathematics more interesting and ef- 
fective for his students, the preparation of the 
guide will have been worth the effort.— William 
B. Lantz, Mansfield Senior High School, Mans- 
field, Ohio. 


FILM 


Language of Algebra, International Film Bureau 
(Chicago: International Film Bureau, 1960). 
16 minutes, color. $165. 


Viewing this film is a pleasant experience. The 
use of happy music, pleasing colors, animated 
experiences that are easily understood, and 
plenty of action with very little “heavy” dis- 
cussion all help in making this a fast-moving 
period of time. 

The little story begins with the idea of sym- 
bols—something that substitutes for things or 
ideas. Everyday experiences, such as the use of a 
policeman’s star, direction arrows, and stop-and- 
go lights introduce this idea. This leads to the 
main animated story of the development of a 
subdivision and how quantitative portions of 
this story can be told by the use of symbols. 
Some interesting aspects presented are the ab- 
stract name by which the subdivision is known, 
its perimeter (sidewalk), the area (different lots), 
and developing and fencing in a square play- 
ground. 

The film closes with some feeling for new types 
of symbols, such as holes in punched cards. 

Some interesting sequences of development 
are presented. The perimeter is found by the 
equation s=l+w+l+w or s=2l+2w or 
s=2(1+w). The viewer sees these different ex- 
pressions developed without any difficulty, but 
there is no discussion of the mathematics nor of 
the physical significance of these changes in the 
formula. The parentheses are used in several in- 


stances without comments. One type of such use 
is for substitution of specific quantities in for- 
mula A =lw. After the substitution the formula 
becomes A =200 (300). Later, a formula for the 
amount of rope needed for some swings was 
developed as R=n(2D —2d) +k. It is then sug- 
gested that the 2 be “taken out” of the 
parentheses and the formula becomes 
R =2n(D—d) +k. 

Subscripts are used as a means for designating 
the number of people in the houses, such as 
Na+Na+Ne+Np. This idea of subscript had 
been presented earlier to designate the area of 
one of the four equal lots when the total area 
was known. This was given as Ap=}Ar. An 
interesting point which is made in the film is 
that the area remains constant but that the 
number of people changed or varied as years 
passed. 

Throughout the presentation color cuing is 
used to indicate the specific item or items being 
discussed. This seems to be an effective tech- 
nique to hold interest and direct attention. 

A feeling for the need and use of symbols is 
developed by viewing this film. Little attempt 
is made to develop a feeling of preciseness in 
the language and operations of mathematics. 
The teacher wishing to bring out these points 
would need to do so by discussion of the for- 
mulas and solutions of exercises as presented in 
the film. 

The film would probably be most effectively 
shown during the early period of algebraic ex- 
periences for the pupil. This might be in the 
seventh or eighth grades or possible early in the 
ninth grade. 

I was misled by the title as to the scope to be 
covered in the film. The title might better con- 
vey the idea that this film introduces the use of 
some symbolism used in algebra.—Francis R. 
Brown, Illinois State Normal University, Normal, 
Illinois. 





Letter to the editor 
(Continued from page 265) 
By construction, 3 and 3’ are evidently mutually 
equiangular. It follows that 
3=33’ . EG=SP, 
Now it can be seen that: 
1+2+3+4=1+42'+3'+4’ 


or, the Square ABCD is equivalent to the tri- 
angle GOP. 

The area of AGOP =a?, being equivalent to 
the square. 

Now consider AGOP: 


GP =s, since FS = 3s and GF + SP =}3s 
GO=s, being made so. 


It follows AGOP is isosceles. Let h be the alti- 
tude of AGOP from the vertex O. Then: area 
AGOP = ths. However, area 


GM =PQ. 








AGOP =a2=2¥2 
4 
Therefore, 

2/3 2 
Pe... oT 

Let GT =m. Then 
2 

s?=m?+h?, or samt ta . 


Hence m = }s. Since the altitude bisects the base 
of the triangle, it must be isosceles. Hence 
OP =s and consequently AGOP is equilateral. 
In conclusion, it has been shown that the square 
ABCD is equivalent to a triangle GOP that is 
equilateral. 
Enor E. Lunpin 
Medford, Massachusetts 
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@ TIPS FOR BEGINNERS 


Edited by Joseph N. Payne, University of Michigan, Ann Arbor, Michigan, 
and William C. Lowry, University of Virginia, Charlottesville, Virginia 


Rapid calculation for the teacher 


by Brother U. Alfred, F.S.C., St. Mary’s College, California 


One of the interesting by-products of 
the teaching profession is the contrast be- 
tween the self-image—what we conceive 
ourselves to be and what we regard as im- 
portant in our work—and the image we 
leave in the minds of our students. For the 
two can be like Kipling’s East and West! 
I have noticed this phenomenon when 
meeting former students of mine. What do 
they remember? Not the manner in which 
I solved difficult problems or threaded my 
way through subtle reasoning or eluci- 
dated apparent contradictions. No! It was 
none of these things which I regard as im- 
portant. Invariably, they remark with 
wonder on the way in which I had per- 
formed numerical calculations. 

Now, I suppose that to the mathemati- 
cian this particular ability is given a 
rating in some lower limbo of neglect. But, 
apparently, it is one of the things that the 
student can appreciate. When somebody 
can do mentally that which takes him 
considerable time and effort to carry 
through with paper and pencil, and when, 
moreover, he has not the slightest idea of 
what is transpiring in the teacher’s brain 
and, therefore, finds himself face to face 
with the apparently marvelous, he is apt 
to consider his teacher a genius. Granted 
that this is a foible of the immature mind, 
does this make it any less in order to 
capitalize on the situation to build up one’s 
prestige in the classroom? 

Apart from the psychological advantage, 
the ability to calculate rapidly and ef- 
ficiently is a great timesaver for the 


teacher of mathematics and science. There 
is a further advantage in that it becomes 
possible to check students’ work with 
facility, at least as to order of magnitude. 
Finally, this ability, which seems some- 
thing mysterious to the student, could 
lead to curiosity and a desire on his part 
to emulate his teacher. Such a situation 
provides an excellent opportunity for pro- 
moting efficiency in calculation as well as 
a better understanding of some basic 
arithmetic and algebra. With these points 
in mind, the following hints are offered to 
the teacher who wants to become a wizard 
at calculation in the classroom. 

Limiting ourselves to operations with 
whole numbers between zero and one 
hundred, I believe the most important 
single thing that needs to be done is to 
learn the squares of all these integers. At 
first sight, this seems like a big order. But 
let us break the matter down, and it will 
become evident that the amount of 
memory work can be greatly reduced. 

To start with, a person working with 
mathematics as his profession probably 
knows a number of squares already— 
possibly up to the square of 25. Of the re- 
maining numbers less than a hundred, 
those ending in zero are no problem. For 
numbers ending in 5, there is the familiar 
rule of multiplying the ten’s digit—more 
generally the integer represented by all the 
digits which precede the 5—by the next 
higher integer and appending 25. Thus, 
the square of 65 is 4225. This is easily seen 
by expressing the number as 10a+5. Then, 


270 The Mathematics Teacher | April, 1961 





left 
a,1 
fro 
rul 
Fo 
ref 
of 
squ 
43, 
of 7 
squ 
hav 
app 
of t 


exce 
of 1 
taki 
ans\ 
this 
=I 


call 

the « 
a pe 
mult 
num 
that 
its iz 


re 
eS 
th 
le. 
\e- 


Id 


on 


as 
sic 


to 
rd 





(10a +5)? = 100a?+ 100a+25 = 100a(a+1) 
+25. 

Squaring numbers ending in 1 or 9 is 
readily handled by the method of squaring 
a binomial. For example, the square of 61 
would be the same as the (60+1)?=3600 
+120+1. In other words, we square 60, 
add twice sixty and then add 1, thus ob- 
taining 3721. For 59, the result would be 
found by squaring 60—1. Hence you sub- 
tract the 120 from 3600 instead of adding 
it, then add 1, getting the answer of 3481. 
The same procedure can be followed with 
many other numbers as well. 

Neglecting such an extension, we are 
left with the numbers ending in 2, 3, 4, 6, 
7, and 8. However, the squares of numbers 
from 40 to 60 are given by a very simple 
rule and likewise those from 90 to 100. 
For numbers from 40 to 60 we use 50 as a 
reference point. Thus, to find the square 
of 43, we note that this is 7 from 50, whose 
square is 2500. To calculate the square of 
43, take 7 from 25 and append the square 
of 7; the answer is 1849. If the figure to be 
squared had been 57, the answer would 
have been obtained by adding 7 to 25 and 
appending 49; the result is 3249. The basis 
of this rule can be seen from the formula, 


(50+a)?=2500 + 100a+a?= 100(25 + a) +a? 


For 90 to 100, the procedure is similar 
except that we go by steps of 200 instead 
of 100. Thus, the square of 94 is found by 
taking 12 from 100 and appending 36; the 
answer is 8836. The formula that justifies 
this rule is (100—a)?=10,000—200a+<a? 
= 100 (100 —2a) +a’. 

There are other helpful devices we can 
call to our aid. It may be noted that. all 
the endings of squares vary in sequence in 
a period of 25. Thus, on either side of any 
multiple of 25, the squares of any two 
numbers a corresponding distance from 
that multiple of 25 have the same two dig- 
its in the last two places. Examples are: 


247= 576 and 26?= 676 
48*=2304 and 52?=2704 
68?=4624 and 82?=6724. 


As an illustration of how such informa- 
tion can be helpful, suppose we have mo- 
mentarily forgotten the square of 66. We 
note that this figure is 50+16 and that, 
therefore, it must have the same last two 
digits in its square as are found in 16 
squared. So it must end in 56. Possibly 
this hint recalls the value 4356. 

With the squares more or less firmly in 
mind, we are ready to do mental calcula- 
tions by the method of the sum and differ- 
ence of two numbers. Given a problem, 
56X62, where the interval between the 
numbers is even, we know at once that the 
product is 9 less than the square of 59; 
56 X62 = (59 —3) (59+3) =3481 —9 = 3472. 
If the interval is odd—for example, if we 
are trying to multiply 47 by 52—we can 
first find 48 times 52 and then subtract 52 
because 47X52=(48—1) X52; 48 times 
52 is 2500 —4; 52 less is 2444. 

Using the rule of squaring a number 
ending in 5, it is possible to do calculations 
which to the uninitiated seem remarkable. 
For example, to find the square of 545, we 
need only remember that 54 squared is 
2916, add another 54 to get 2970 and ap- 
pend 25 to arrive at the final. answer of 
297,025. 

The squares are likewise very valuable 
in the inverse operation of extracting 
square roots. For instance, given a right 
triangle with legs 4 and 5, we know that 
the hypotenuse is the square root of 41. 
But since 64 squared is 4096 and this is 
very close to 4100, the answer is approxi- 
mately 6.4. In general, with a little prac- 
tice, it is not difficult to obtain mentally 
the square root of a number simply by 
having in mind the squares of the numbers 
from one to one hundred. In any event, 
even should there be some need to write 
down a few numbers, the process is re- 
duced to a brief set of calculations. 

Familiarity with squares is useful in 
working with powers of the smaller num- 
bers, such as 2, 3, 4, etc. For example, 2 
to the tenth power is immediately seen to 
be 1024, since this is the square of 32 
which is 2 to the fifth power. Actually, it 
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is not difficult to calculate 2 to the twenti- 
eth power mentally, treating 1024 as 
1000+24 and squaring as a binomial, be- 
cause it is easy to add 1,000,000, 48,000, 
and 576. The result is 1,048,576. 

As another example of what can be done 
along this line, consider the problem of 
obtaining 3 to the tenth power. Since 3¢ is 
81 and 81 squared is 6561, 3!° is 9 times 
this amount. Therefore, keeping this 
figure in mind and multiplying by 9, we 
can obtain the answer 59,049. 

The squares, then, play an important 
role in these mental calculations. However, 
there are other methods that can be used 
to advantage as well. One of the simplest 
is multiplication by 25. When a teacher 
has the problem 


25 X 84.3621 


and proceeds to write the answer directly 
as 2109.0525, students may be amazed. 
Actually, all he has done is divide by 4 and 
shift the decimal point two places. 





To multiply by a number such as 99, 
we use in effect the distributive law, re- 
placing 99 by 100—1. In other words, we 
add two zeros to the number and subtract 
the number. Thus, 99 X84=(100—1) x84 
= 8400 —84=8316. Similarly, to multiply 
79 X63, we find the result of 80 times 63 
and subtract 63. 

It is good to know the common 
square roots, such as +/2=1.4142 and 
/3=1.7321. In this way, it is often possi- 
ble to write down answers directly without 
having to go through a long-drawn-out 
process. 

These few hints do not represent the end 
of the line by any means as far as facility 
with figures is concerned. But they do pro- 
vide a good starting point. It is possible 
with practice to build up a creditable abil- 
ity in mental calculation; and, as men- 
tioned in the earlier part of this paper, 
such an ability, while lowly in appearance, 
can and does have a salutary effect in the 
classroom. 


Illustrating locus problems 


by Frances Steffen, Mason City High School, Mason City, Iowa 


Many students in my plane geometry 
classes have had difficulty in visualizing 
compound locus problems and drawing 
illustrations for them. Even when they do 
grasp the idea, it is time consuming to il- 
lustrate all possible cases. 

Last year I had the students draw the 
following four simple, basic locus figures 
in ink on half-sheets of onionskin paper: 


1. The locus of points one inch from a 
given point. 

2. The locus of points one-half inch 
from a given line. 

3. The locus of points equidistant from 
two parallel lines. 

4. The locus of points equidistant from 

two given points. 
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By placing one figure on another, it was 
comparatively easy to see what points 
would satisfy both given conditions. The 
students carried these illustrations in 
their notebooks for repeated use. 

Once these figures are constructed, they 
are instantly available at all times and 
can be used in many ways. They can be 
combined with each other or with another 
drawing. They can be moved about to 
show different relative distances and spe- 
cial cases. They can be used instead of a 
drawing for a particular problem, or they 
can be used to facilitate the drawing of the 
problem. 

We found these devices a great time 
saver and an aid in clarifying problems. 























Illi 





on 
nd 
‘Si- 
ut 
yut 





Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of THE MATHE- 






matics TEACHER. Announcements for this 
column should be sent at least ten weeks early 
to the Executive Secretary, National Council of 
Teachers of Mathematics, 1201 Sixteenth Street, 
N.W., Washington 6, D.C. 


NCTM convention dates 


JOINT MEETING WITH NEA 


June 28, 1961 

Atlantic City, New Jersey 

M. H. Ahrendt, 1201 Sixteenth Street, N.W., 
Washington 6, D.C. 


TWENTY-FIRST SUMMER MEETING 


August 21-23, 1961 
University of Toronto, Toronto, Canada 


Father John C. Egsgard, C.S.B., St. Michael’s 
College School, 1515 Bathurst Street, To- 
ronto 10, Canada 


FORTIETH ANNUAL MEETING 


April 15-18, 1962 

Jack Tar Hotel, San Francisco, California 

Kenneth C. Skeen, 3355 Cowell Road, Concord, 
California 


Other professional dates 


Illinois Council of Teachers of Mathematics 


April 22, 1961 Illinois State Normal University, 
Normal, Illinois 

April 29, 1961 Sterling Township High School, 
Sterling, Illinois 

T. E. Rine, Illinois State Normal University, 
Normal, Illinois 


The Greater Cleveland Council of Teachers of 
Mathematics 


April 18, 1961 

Bedford High School, Bedford, Ohio 

Bessie Kisner, Strongsville High School, Strongs- 
ville, Ohio 


Men’s Mathematics Club of Chicago and Metro- 
politan Area 


April 21, 1961 and 

May 19, 1961 

YMCA Hotel, 826 South Wabash Avenue, 
Chicago, Illinois 

Vernon R. Kent, 1510 South Sixth Avenue, 
Maywood, Illinois 


California Mathematics Council 


April 28-30, 1961 

Santa Monica, California 

Miss Mary Lou Hood, 3414 North Eckart, 
South San Gabriel, California 


Pennsylvania Council of Teachers of Mathematics 


April 29, 1961 

Clarion State College, Clarion, Pennsylvania 

Earl F. Myers, 322 13th Avenue, New Brighton, 
Pennsylvania 


Association of Mathematics Teachers of New 
York State 


May 5-6, 1961 

Hotel Syracuse, Syracuse, New York 

Edward E. Sherley, Mt. Pleasant High School, 
Schenectady 3, New York 


Michigan Council of Teachers of Mathematics 


May 5-7, 1961 

M.E.S. Camp, Saint Mary’s Lake, Battle Creek, 
Michigan 

Mrs. Marjorie Pickering, 5198 Coldspring, 
Birmingham, Michigan 


Chicago Elementary Teachers Mathematics Club 


May 8, 1961 

Toffenetti’s Restaurant, 65 West Monroe 
Street, Chicago, Illinois 

Mildred C. Rogers, Warren Elementary School, 
9210 South Chappel Avenue, Chicago 17, 
Illinois 
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A simple, lucid 
¥ exposition of the... 


ELEMENTS OF 


MATHEMATICAL STATISTICS 


By HOWARD W. ALEXANDER, Professor and Head of the 
Department of Mathematics, Earlham College. 


Develops intuitive understanding . . . 


Here is a book that makes the essentials of mathematical statistics readily 
accessible to any student who has had a year of calculus. Since probability theory 
is a completely new mathematical experience for many students, the book builds 
up an intuitive understanding of the subject before proceeding to the discussion 
of abstract concepts. This intuitive approach is accomplished by the use of many 
completely analyzed examples and by relating each new idea either to already 
familiar ideas or to simple sampling devices (e.g., urn and spinning pointer). 





1! ff 


The organization of the book... 


Probability theory is based on the theory of sets. Therefore, in Chapter 1 
the author offers a simple, informal presentation of set theory. This chapter and 
the next two provide the conceptual understanding of probability and sampling 
i theory which is necessary in order to proceed to the discussion of statistical in- 
ference in Chapter 4. After Chapter 4 the exposition divides into two main 
branches: sampling theory on the one hand (Chapter 5), and statistical 
methodology on the other (represented by regression and correlation theory in 
Chapter 6 and by the simpler forms of the analysis of variance in Chapter 7). 
The book is completely flexible, with many optional sections indicated by 
asterisks. There are over 400 exercises, illustrating a wide variety of applica- 
tions. Sets of exercises are associated with sections rather than chapters, and most 
sets are graded. Odd-numbered exercises are answered at the end of the book, 
even-numbered exercises in a separate answer booklet. 


1961. Approx. 380 pages. Prob. $7.75. 


Send for an examination copy 


| JOHN WILEY & SONS, Inc. 
q 440 Park Avenue South New York 16, New York 


Please mention THe MATHEMaTICS TEACHER when answering advertisements 
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Only $2.95 per volume! * Cloth-bound! 


CHRYSTAL’S 
TEXTBOOK OF ALGEBRA 


6th ed. 1,235 pp. Two volumes handsomely bound in blue cloth. 
* 15% teacher's discount. Send only $2.50 for each volume! 


CHELSEA PUBLISHING COMPANY 50 E. Fordham Rd., N. Y. 68 




















MATHEMATICS CLUBS IN HIGH SCHOOLS 


By Walter H. Carnahan 


Persons interested in conducting, organizing, or learning about mathe- 
matics clubs should read this booklet. 


Discusses objectives, organization, constitution, choice of name, activities, 
programs, publications, and related matters. 


Gives many ideas and sources of material for club programs, with a re- 
port of programs actually used. 


Contains bibliographies of source materials. 


32 pages 75¢ each 
Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 









Please mention THe MatHematics TEACHER when answering advertisements 
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The numbers are large enough to be read at the back of the usual size 


4- 
log 
Functions 
minutes 
(0.2°) 


during examinations. It is excellent for teaching interpolation and use of 


tables. 
the other, so that it may be hung with either side showing as required. 


Some schools purchase two so that both sides may be shown at the same 


This large chart, 76 < 52 inches, provides a ready reference during class 
Logarithms are on one side of the chart and trigonometric functions are on 


discussions and eliminates the need for small tables, 


classroom, and the chart is printed in black and red on white stock for 


increased visibility. 


No. 7550. Logarithm and Trigonometric Function Chart. Each, $15.00 


CCSSO PURCHASE GUIDE NO. 0815. 


THE WELCH SCIENTIFIC COMPANY 


Established 1880 


Chicago 10, Ill. U.S.A. 


1515 Sedgwick Street 
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